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2x1 + x2 + x4 =1 L1

4x1 + 3x2 + 2x3 + 4x4 =0 L2

x2 + 5x3 + 2x4 =2 L3

6x1 + 3x2 + 6x3 + 8x4 =0 L4

(Σ) ⇐⇒















2x1 + x2 + x4 = 1 L1

x2 + 2x3 + 2x4 =−1 L2 ← L2 − 2L1

x2 + 5x3 + 2x4 = 2 L3

6x3 + 5x4 =−3 L4 ← L4 − 3L1

(Σ) ⇐⇒















2x1 + x2 + x4 = 1 L1

x2 + 2x3 + 2x4 =−1 L2

3x3 + = 3 L3 ← L3 − L2

6x3 + 5x4 =−3 L4

(Σ) ⇐⇒















2x1 + x2 + x4 = 1 L1

x2 + 2x3 + 2x4 =−1 L2

3x3 = 3 L3 ← L3 − L2

5x4 =−9 L4

(Σ) ⇐⇒
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i
f OK cOVVSKcS ZYL c[SLc[SL RS ZRP N bLYK\ ZWXOQ f ZPWN OK Mc[YKbS

MXSKQPSRRSVSKQ RY RWbKS
i
YXSc cSRRS cOKQSKYKQ RS ZRPN bLYK\ ZWXOQ f SQ SKiK f OK MRWV WKS
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i
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GH0 1K LSZLSKYKQ RSN MQYZ SN \S R aYRbOLWQ[V S \S ]YPNN \S RY ePSNQWOK
(a)
f V YWN YXSc

PK NScOK\ VSVjLS bMKMLYR t
(y1, y2, y3, y4)

f OK YjOPQWQ d








2 1 0 1
0 1 2 2
0 0 3 0
0 0 0 5
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1 0 0 0
−2 1 0 0
2 −1 1 0
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OK NS LSQLOPXS YXSc f d bYPc[S f PKS VYQLWcS QLWYKbPRYWLS NPZ MLWSPLS f SQ d \LOWQS PKS
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VYQLWcS QLWYKbPRYWLS WK �MLWSPLS YXSc \SN
1
NPL RY \WYbOKYRS g 1K �YWQ f d bYPc[S f OK Y

U
f

SQ d \LOWQS f
L−1 g � WKNW f SK WKXSLNYKQ RY V YQLWcS L

f OK QLOPXS

L =









1 0 0 0
2 1 0 0
0 1 1 0
3 0 2 1









U =









2 1 0 1
0 1 2 2
0 0 3 0
0 0 0 5









GH� H� � OKQLOKN ePS RY �YcQOLWNYQWOK
LU

\ aPKS VYQLWcS f O�
L
SNQ PKS V YQLWcS QLW�

YKbPRYWLS WK �MLWSPLS YXSc \SN
1
NPL RY \WYbOKYRS f SQ

U
SNQ PKS V YQLWcS QLWYKbPRYWLS

NPZ MLWSPLS f SNQ PKWePS g �OPL cSRY f OK NPZZONS ePS R aOK \WNZONS \S \SP	 \McOVZO�
NWQ WOKN

L1U1
SQ

L2U2
\ aPKS V 
VS VYQLWcS

A
g � ROLN

L1U1 = L2U2
f ePS R aOK Z SPQ

LMScLWLS

L−1
2 L1 = U2U

−1
1

���

\YKN ��� f RS V SVjLS \S bYPc[S SNQ PKS VYQLWcS QLWYKbPRYWLS WK �MLWSPLS f YXSc \SN
1
NPL

RY \WYbOKYRS f SQ RS VSVjLS \S \LOWQS SNQ PKS V YQLWcS QLWYKbPRYWLS NPZ MLWSPLS g JK SK
\M\PWQ ePS

L−1
2 L1 = U2U

−1
1 = Id

f c aSNQ d \WLS ePS
L1 = L2

f SQ
U1 = U2

g

 S RY V 
VS VYKWULS f OK NPZZONS eP aOK \WNZONS \S \SP	 \McOVZONWQWOKN
LDUZOPL PKS VYQLWcS

A
\OKKMS ^

A = L1D1U1 = L2D2U2
g � ROLN \ aYZLUN R aPKWcWQM \S RY

\McOVZONWQWOK
LU
f OK XOWQ ePS

L1 = L2
f SQ ePS

D1U1 = D2U2
g 1K W\SKQWi YKQ RSN

cOS� cWSKQN \S RY \WYbOKYRS \S
D1U1 = D2U2

f OK XOWQ ePS
D1 = D2

f SQ \OKc ePS
U1 = U2

g

GH� H�� �OWQ
A
PKS V YQLWcS NTVMQLWePS QSRRS ePS

A = LDU
g � ROLN SK QLYKNZONYKQ

cSQQS MbYRWQM f OK QLOPXS t
A =

t
U

t
D

t
L =

t
U D

t
L
g �OVVS t

A = A
f OK SK \M\PWQ

ePS
LDU =

t
U D

t
L
f \OKc ZYL PKWcWQM \S RY \McOVZONWQWOK

LDU
f
U =

t
L
g

 YKN RS cYN O� RY V YQLWcS
A
SNQ NTV MQLWePS \MiKWS ZONWQWXS f V OKQLOKN ePS RSN

cOS� cWSKQN \S
D
NOKQ ZONWQW�N � RY V YQLWcS

A
MQYKQ NTV MQLWePS \MiKWS ZONWQWXS f OK NYWQ

ePS ZOPL QOPQ XScQSPL
X
KOK KPR f t

X AX > 0
f c aSNQ d \WLS ePS t

X
t
LDLX > 0

f ePS
R aOK Z SPQ McLWLS NOPN RY �OLV S t

(LX) DLX > 0
g 1K c[OWNWNNYKQ ZOPL

X
RSN XScQSPLN

Xi

QSRN ePS
LXi = ei

f O�
ei

SNQ RS
i�� � XScQSPL \S RY jYNS cYKOKWePS f OK XOWQ ePSRSN cOS� cWSKQN \S

D
NOKQ QOPN ZONWQW�N g � W RSN

di

NOKQ RSN cOS� cWSKQN \WYbOKYP	 \S
D
f OK KOQS

D′ RY V YQLWcS \WYbOKYRS \OKQ RSN cO S� cWSKQN NOKQ RSN √
di

g JK Y YROLN
A =

t
LD′2L

g 1K ZONYKQ
B = D′L

f OK QLOPXS jWSK
A =

t
BB

g

GH� H� �iK \S QLOPXSL
U
f OK cOVVSKcS ZYL S�ScQPSL R aMRWV WKYQWOK \S ]YPNN NPL RY

V YQLWcS
A
g 1K RY �YWNYKQ NPL RSN ZLSV WULSN RWbKSN f OK N aYZ SL�OWQ ePS cOVVS

A
SNQ

QLW\WYbOKYRS f R aMRWV WKYQWOK RYWNNS WKc[YKbMN RSN cO S� cWSKQN \S RY NPL\WYbOKYRS g `OLN \S
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R aMRWV WKYQWOK f OK NPZZONS 
QLS YLLWXM d










































d1 c1 0 . . . . . . . . . . . . . . . 0

0

g g g g g g g g g ggg
ggg g g g g g g g g g g g g ggg
ggg

0 di ci 0

ggg

0 . . . 0 ai+1 bi+1 ci+1 0

ggg
ggg g g g g g g g g g g g g g g g ggg
ggg g g g g g g g g g g g g

0ggg g g g
an−1 bn−1 cn−1

0 . . . . . . . . . . . . . . . 0 an bn











































JK S�ScQPS R aMRWV WKYQWOK \S ]YPNN NPL RY RWbKS
i+1

f c aSNQ d \WLS eP aOK �YWQ R aOZ MLYQWOK

Li+1 ← Li+1 −
ai+1

di

Li

OK SK \M\PWQ RY �OLVPRS \S LMcPLLSKcS NPWXYKQS ZOPL RSN
di

^
{

d1 = b1

di+1 = bi+1 −
ai+1ci

di

SQ RY V YQLWcS
U
SNQ \S RY �OLVS



















d1 c1 0 . . . 0

0

g g g g g g g g g ggg
ggg g g g g g g g g g

0ggg g g g
dn−1 cn−1

0 . . . . . . 0 dn



















�OPL \MQSLV WKSL
L
f OK KOQS

li,k
NSN cOS� cWSKQN \S

L
f SQ OK NYWQ ePS RS ZLO\PWQ \S

LZYL
U
\OWQ 
QLS MbYR d

A
f NO WQ

∀i, j ∈ [[ 0 ; n ]] ai,j =
n
∑

k=1

li,kuk,j

YKN cSQQS \SLK WULS NOVVS f NSPRN \SP	 cOS� cWSKQN NOKQ KOK KPRN ^
uj,j

SQ
uj−1,j

f NOWQ

ai,j = li,juj,j + li,j−1uj−1,j

���
\YKN R aMePYQWOK ��� f OK NPZZONS ePS

j = i
^

ai,i = li,iui,i + li,i−1ui−1,i

SQ OK NYWQ ePS
ai,i = bi

f
li,i = 1

f
ui−1,i = ci−1

SQ OK Y KOQM
ui,i = di

f \OKc OK Y

bi = di + li,i−1ci−1

\ aO�
li,i−1 =

bi − di

ci−1
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OK Y YWKNW \MQSLV WKM QOPN RSN cOS� cWSKQN \S RY NOPN�\WYbOKYRS \S
L
g � OKQLOKN d

ZLMNSKQ ePS QOPN RSN YPQLSN cOS� cWSKQN NOKQ KPRN g 1K McLWXYKQ R aMePYQWOK ��� f Z OPL
j = i − 1

f OK QLOPXS

ai,i−1 = li,i−1ui−1,i−1 + li,i−2ui−2,i−1

NOWQ
ai =

bi − di

ci−1
di−1 + li,i−2ui−2,i−1

���

OL OK NYWQ ePS
di = bi −

aici−1

di−1OK XOWQ \OKc WVVM\WYQSV SKQ ePS

ai =
bi − di

ci−1
di−1

\OKc f \ aYZLUN ���
li,i−2ui−2,i−1 = 0

SQ OK SK \M\PWQ ePS
li,i−2 = 0

g
�PZZONOKN VYWKQSKYKQ ePS RSN cOS� cWSKQN \S RY �OLV S

li,i−k

NOWSKQ QOPN KPRN �
k >

2
� g � ROLN SK McLWXYKQ ��� ZOPL

j = ik
f OK QLOPXS

ai,i−k = li,i−kui−k,i−k + li,i−k−1ui−k−1,i−k

YROLN
li,i−k = 0

ZYL [TZOQ[UNS SQ
ai,i−k = 0

f cYL
k > 2

g JK SK \M\PWQ ePS
li,i−k−1 = 0

g
�OKcSLKYKQ R aYRbOLWQ[V S f OK NPZZONS ePS R aOK cOKKYWQ QLOWN QYjRSYP	 � f � f � \S

\WVSKNWOKN
n
g JK c[SLc[S d cYRcPRSL RSN QYjRSYP	 � f O� RSN � "�$ NOKQ RSN cOS� cWSKQN

\S RY \WYbOKYRS \S
U
f SQ � f O� RSN � "�$ NOKQ RSN cOS� cWSKQN \S RY NOPN \WYbOKYRS \S

L
g

YKN PK NOPcWN \ aOZQWV YRWQM f WR NP� LYWQ SK �YWQ \S ZLSK\LS \SN XScQSPLN � f � f
� SQ � \S \WV SKNWOK

n − 1
g JK Y bYL\M WcW \SN XScQSPLN \S \WVSKNWOK

n
\YKN

RS NSPR NOPcWN \S RWNWj WRWQM \SN WK\WcSN g

� "�$�� "�$

���� � �� � � � �� �� ���
� "�& �$�� "�& �$�� "�& �$/� "�$-� "�$
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�SQ YRbOLWQ[V S KMcSNNWQS
5(n − 1)

OZMLYQWOKN g
�OKcSLKYKQ R aYRbOLWQ[V S \S \SNcSKQS� LSVOKQMS f OK c[SLc[S d LMNOP\LS RS NTNQUV S

LUX = Y
SK LMNORXYKQ \ aYjOL\ RS NTNQUV S

LY′ = Y
f ZPWN RS NTNQUV S

UX = Y′ g JKNPZZONS cOKKP SK \MjPQ \ aYRbOLWQ[VS RS QYjRSYP \P NScOK\ VSVjLS � g
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` aYRbOLWQ[V S \S \SNcSKQS KMcSNNWQS
2(n − 1)

OZMLYQWOKN f SQ R aYRbOLWQ[V S \S LSVOKQMS
3(n − 1)

OZMLYQWOKN g

` aYRbOLWQ[V S ZLOZONM K a � McLYNS � ZYN RS QYjRSYP � \SN XYLWYjRSN \OKKMSN g 1K
ZLYQWePS f NW RS NSPR jPQ LSc[SLc[M SNQ \S LMNOP\LS RS NTNQUV S NYKN NS NOPcWSL
\S cOKNSLXSL RSN \OKKMSN f WR NP� LYWQ \S LSVZRYcSL ��	 �� � ZYL � ZPWN � ZYL � g
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JK ZYLQ \S RY V YQLWcS cYLLMS NPWXYKQS






ai,i = α
ai,i+1 = ai+1,i = −1

ZOPL
1 6 i 6 n − 1

an,1 = a1,n = −1

�S NTNQUV S WKQSLXWSKQ ZYL S	SVZRS \YKN RY \WNcLMQWNYQWOK \S
{

∀x ∈ R − u′′(x) = f(x)
∀x ∈ R u(x + 1) = u(x)

O�
f
SNQ PKS �OKcQWOK

1
�ZMLWO\WePS \OKKMS g JK NS \OKKS PKS NPj\WXWNWOK

(x0, x1, . . . xn)
LMbPRWULS \S

[ 0 ; 1 ]
�ePS R aOK ZLOROKbS NPL

R
ZYL Z SLWO\WcWQM� f

YXSc
xi =

i

n

g 1K ZONYKQ
ui = u(xi)

SQ
fi = f(xi)

SQ SK \WNcLMQWNYKQ RY ZYLQWS
bYPc[S ZYL \W�MLSKcSN iK WSN f OK QLOPXS f ZOPL QOPQ

i
SKQWSL

(Ei)
−ui+1 + 2ui − ui−1

h2
= fi

`Y �OKcQWOK ePS R aOK c[SLc[S d YZZLO c[SL MQYKQ Z MLWO\WePS f OK XY NS cOKQSKQSL
\S c[SLc[SL RSN

ui

ZOPL
i ∈ [[ 1 ; n ]]

f SQ OK \M\PWQ RSN YPQLSN
ui

YXSc RY LSRYQWOK
\S Z MLWO\WcWQM

∀i ∈ Z ui+n = ui

YKN R aMePYQWOK
(Ei)

f RSN
uj

WKQSLXSKYKQ NOKQ jWSK \YKN
[[ 1 ; n ]]

f d R aS	cSZQWOK
\S R aMePYQWOK

(E1)
SQ \S R aMePYQWOK

(En)
^

(E1)
−u0 + 2u1 − u2

h2
= f1

(En)
−un−1 + 2un − un+1

h2
= fn

ZYL Z MLWO\WcWQM f OK LSVZRYcS
u0
ZYL

un

SQ
un+1

ZYL
u1
f Z OPL QLOPXSL

(E1)
−un + 2u1 − u2

h2
= f1

(En)
−un−1 + 2un − u1

h2
= fn

� WKYRSVSKQ f RS ZLOjRUV S WK WQWYR NS LYV UKS d

Au = h2f

YXSc
• A

RY V YQLWcS \S R aMKOKcM YXSc
α = 2

• u
RS XScQSPL cOROKKS t

(u1, u2, . . . , un)

• f
RS XScQSPL cOROKKS t

(f1, f2, . . . , fn)
g
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A
SNQ NTV MQLWePS g 1 RRS NSLY \OKc \MiKWS ZONWQWXS NW SQ

NSPRSV SKQ NW NSN XYRSPLN ZLOZLSN NOKQ QOPQSN NQLWcQSV SKQ ZONWQWXSN g �iK \S RO cYRWNSL
RSN XYRSPLN ZLOZLSN \S

A
f PQWRWNOKN RS Q[MOLUV S \S ]SLN[b�LWK

� I�� �� � ��	
�� � �� �������� ��
�OWQ

A
PS V YQLWcS

n × n
g JK ZONS

Λi =
n
∑

j=1,j 6=i

|ai,j |

� ROLN
�g �Z

(A) ⊂
n
⋃

i=1

B(ai,i,Λi)
�O�

B
SNQ PKS _ 
��� ��� 	��

� g � W \S ZRPN
A
SNQ WLLM\PcQWjRS �c aSNQ d \WLS NW RS bLYZ[S OLWSKQM YNNO cWM

d
A
SNQ cOKKS	S� f YROLN NW

λ
SNQ PKS XYRSPL ZLOZLS \S

A
ePW NS QLOPXS

MbYRSV SKQ NPL RY �LOKQWULS \S n
⋃

i=1

B(ai,i,Λi)
f YROLN

λ ∈
n
⋂

i=1

∂B(ai,i,Λi)
g

�OPL QOPQ
i
f OK Y \YKN KOQLS cYN

Λi = 2
g OKc NW

α > 2
f YROLN

B(α, 2) ∩ R ⊂ R
∗
+

g
JK SK \M\PWQ ePS RY VYQLWcS

A
SNQ \MiKWS ZONWQWXS g

� H_

�YZZSROKN RSN ZLWKcWZYP	 OPQWRN SQ LMNPRQYQN Z SLV SQQYKQ \ aMQP\WSL RS cLSP	 ROLN
\S RY \McOVZONWQWOK

A = LD
t
L

�ZLMNSKQMN \P ZRPN bLONNWSL YP ZRPN iK �
�I����� �� _I�����I���
`Y RYLbSPL \S jYK\S \S RY V YQLWcS

A
SNQ R aSKQWSL

β(A) = max
{

|i − j| ai,j 6= 0
}

JK \MiKWQ YROLN
�YK\S

(A) =
{

(i, j) 0 6 i − j 6 β(A)
}

JK Y YROLN RS LMNP RQYQ NPWXYKQ cOKcSLKYKQ RS LSVZRWNNYbS \S
A
ROLN \S NY

\McOVZONWQWOK
LD

t
L
^
�YK\S

(L + D +
t
L) =

�YK\S
(A)

� W R aOK KS QWSKQ cOVZQS ePS \SN cOS� cWSKQN KPRN K aYZZYLQSKYKQ ZYN d
�YK\S

(L + D +
t
L) =

�YK\S
(A)

f YROLN RS KOVjLS \ aOZ MLYQWOKN KMcSNNYWLSN
ZOPL �YcQOLWNSL

A
SNQ MbYR d

1

2
β(β + 3)n − β3

3
− β2 − 2β

3
SQ RS KOVjLS \ aOZ MLYQWOKN ZOPL RY LMNORPQWOK SNQ MbYR d

2(β + 1)n − β(β + 1)

��
� �
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�OPL PK WK\WcS
i
\OKKM f OK KOQS

fi(A) = fi = min
{

j ai,j 6= 0
}

βi = i − fi

JK \MiKWQ YROLN RS ZLOi R \S
A
ZYL

� LO�
(A) =

{

(i, j) 0 6 i − j 6 βi(A)
}

1 Q OK Y RS LMNPRQYQ NP WXYKQ
� LO�

(A) =
� LO�

(L + D +
t
L)

��	
�� � �� �
����I�� I����0���
�OWQ

Gα = (V,E)
RS bLYZ[S YNNO cWM d PKS V YQLWcS NTVMQLWePS

A
f O�

E
SNQ

R aSKNSVjRS \SN NSbV SKQN \S
Gα

f SQ
α
SNQ PKS KPVMLOQYQWOK \SN NOVVSQN g

� ROLN
(v, w) ∈ E? NW SQ NSPRSV SKQ NW

• OP jWSK (v, w) ∈ E

• OP jWSK WR S	 WNQS PK c[SV WK \YKN Gα

ePS R aOK KOQS
z(1), z(2), . . . , z(k+1) fYXSc

v = z(1) f w = z(k+1) SQ QSR ePS ZOPL QOPQ i = 2 . . . k

α−1(z(i)) < min(α−1(v), α−1(w))

`S bLYZ[S \S
A
SNQ RS NPWXYKQ

1

2

3

n

n − 1

n − 2

1K YZZRWePYKQ RS Q[MOLUV S \S �ONS��YL� YK�`Pc�SL f OK QLOPXS RS bLYZ[S ? NPWXYKQ
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1

2

3

n

n − 1

n − 2

�����0I� �
�
�OPQ \ aYjOL\ f XP RS ZLOi R \S RY V YQLWcS

A
f OK NYWQ \UN RS \MZYLQ ePS RSN NSP RN NSbV SKQN

ePW Z SPXSKQ YZZYLY�QLS ZOPL RS bLYZ[S ? \S ] NOKQ RSN NSbV SKQN \S RY �OLV S
(i, n)

f
Z OPL

1 6 i 6 n
g 1KNPWQS f MQYKQ \OKKM PK NOVVSQ

i
f OK Z SPQ RS LSRWSL YP NOVVSQ

n
��� RS c[SV WK

(i, i − 1) (i − 1, i − 2) (i − 2, i − 3) . . . (3, 2) (2, 1) (1, n)

ePW SNQ jWSK QSR ePS RS KPV MLO \SN NOVVSQN XWNWQMN SNQ NQLWcQSVSKQ WK �MLWSPL d
i
SQ d

n
g

� H0 `Y VYQLWcS
LD

cOKQWSKQ
3n−3

cO S� cWSKQN KOK KPRN ^ RSN MRMV SKQN \S RY \WYbOKYRS f
RSN MRMVSKQN \S RY NOPN \WYbOKYRS f SQ RSN MRSV SKQN \S RY \SLKWULS RWbKS g

�OVVSK�OKN ZYL c[SLc[SL RSN LSRYQWOKN \S LMcPLLSKcS XMLWiMSN ZYL RSN cOS� cWSKQN
\S

L
SQ \S

D
g JK KOQS

li,j
RSN cOS� cWSKQN \S RY V YQLWcS

L
�WRN NOKQ \OKc KPRN NW

j > i
� f

SQ
di

RSN cOS� cWSKQN \S
D
g 1K VPRQWZRWYKQ

L
ZYL

D
f ZPWN ZYL t

L
f OK QLOPXS RY V YQLWcS

\S cOS� cWSKQN

(LD
t
L)i,j =

min(i,j)
∑

k=1

li,kdklj,k

�OVVS RY V YQLWcS SNQ NTVMQLWePS f OK KS N aWKQMLSNNS eP ad RY ZYLQWS QLWYKbP RYWLS WK �M�
LWSPLS \S RY V YQLWcS

A = LD
t
L
f c aSNQ d \WLS eP aOK ZLSK\ RSN WK\WcSN

(i, j)
QSRN ePS

i 6 j
g JK Y YROLN

(LD
t
L)i,j =

i
∑

k=1

li,kdklj,k

�OPL
i = j

f OK QLOPXS RY �OLVPRS \S LMcPLLSKcS NPL RSN
di

^

di = ai,i −
i−1
∑

k=1

dkli,k
2 ZOPL

j < i

\S V 
VS ZOPL RSN
li,j
f OK QLOPXS

li,j =
1

di

(

ai,j −
i−1
∑

k=1

dkli,klj,k

)
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YKN RY LMcPLLSKcS \MiKWNNYKQ RSN
di

f SQ ZOPL
i < n

f OK NYWQ ePS RSN
li,k

NOKQ QOPN KPRN f
d R aS	cSZQWOK \S

li,i−1
g `Y LSRYQWOK \S LMcPLLSKcS NPL RSN

di

\SXWSKQ \OKc

di = α − li,i−1
2di−1

�OKcSLKYKQ RSN
li,j
f OK QLOPXS

li+1,i =
1

di

ai+1,i = − 1

di

1KiK f ZOPL RSN cOS� cWSKQN \S RY \SLKWULS RWbKS f OK QLOPXS

ln,i =
1

di

(an,j − di−1ln,j−1lj,j−1) =
1

di

(−1 − di−1)

�OPL R aYRbOLWQ[V S f OK KS NQO c�S ePS QLOWN XScQSPLN ^ RS XScQSPL \SN cOS� cWSKQN
\WYbOKYP	 \S

D
ePS R aOK KOQS � f RS XScQSPL \SN cOS� cWSKQN NOPN�\WYbOKYP	 \S

L
f ePS

R aOK KOQS � f SQ RS XScQSPL \S RY \SLKWULS RWbKS f ePS R aOK KOQS � g
�������������������������������
�����	 �
�� � �� ���
�	 ���
 ���
�������������������������������

� "�$������

���� � �� � � * �� ���
� "�$���-� "���$
� "�$�������� "�$/� "���$
� "�$�� "�&� "���$$-� "�$

� �* ����
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� 2 � <BEF45<B?5<7> 8A �?�;?E<9> 9> 8<=9>B<7> � 95
=456789 89 �67;9B� <

� HI JK N aWKQMLSNNS YP ZLOjRUV S cOKQWKP NPWXYKQ ^ OK KOQS
D
\S cYLLM PKWQM �SLVM

D = [ 0 ; 1 ] × [ 0 ; 1 ]
f SQ

∂D
RS j OL\ \S

D







−∂2u

∂x2
(x, y) − ∂2u

∂y2
(x, y) = f(x)

ZOPL
(x, y) ∈ D

u = 0
NPL

∂D

� MLWiOKN ePS
up,q : (x, y) 7→ sin(pπx) sin(qπy)

SNQ �OKcQWOK ZLOZLS \S R aOZ MLYQSPL −∆NPL  ^

∀(x, y) ∈ D − ∆up,q(x, y)= (pπ)2 sin(qπy) sin(pπx) + (qπ)2 sin(qπy) sin(pπx)
= (p2 + q2)π2 sin(qπy) sin(pπx)

−∆up,q(x, y)= (p2 + q2)π2up,q(x, y)

JK SK \M\PWQ ePS RSN �OKcQWOKN
up,q

NOKQ �OKcQWOKN ZLOZLSN f YNNO cWMSN d RY XYRSPL
ZLOZLS

π2(p2 + q2)
\P `YZRYcWSK NPL  g

� H_ H� `S bLYZ[S \S RY VYQLWcS
A
ZSPQ N aOjQSKWL WVVM\WYQSV SKQ f SK ZLSKYKQ ZOPL

NOVVSQN \P bLYZ[S RSN KOSP\N \P V YWRRYbS f SQ SK LSV YLePYKQ ePS RY LSRYQWOK

−ui+1,j + 2ui,j − ui−1,j

h2
+

−ui,j+1 + 2ui,j − ui,j−1

h2
= fi,j

NWbK WiS ePS c[YePS KOSP\ SNQ SK LSRYQWOK YXSc RSN KOSP\N \WLScQSV SKQ XOWNWKN f [OLW�
�OKQYRSV SKQ SQ XSLQWcYRSV SKQ g

JK KPVMLOQS cS bLYZ[S cOVVS NPWQ
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1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20

21 22 23 24 25

OK OjQWSKQ RY V YQLWcS ZYL j RO cN NP WXYKQS

A =













B − id5 0 0 0
− id5 B − id5 0 0

0 − id5 B − id5 0
0 0 − id5 B − id5

0 0 0 − id5 B













O�
B
SNQ RY V YQLWcS

B =













4 −1 0 0 0
−1 4 −1 0 0
0 −1 4 −1 0
0 0 −1 4 −1
0 0 0 −1 4













A
��� ��	�� ���� �	�� �� �
��� ���
�iK \S VOKQLSL ePS

A
SNQ NTVMQLWePS f \MiKWS ZONWQWXS f OK XY PQWRWNSL RY Q[MOLUV S

\S ]SLN[b�LWK
JK XOWQ WcW ePS RSN

Bi

NOKQ \S cSKQLS � f SQ \S LYTOK
2, 3

OP
4
NSROK ePS RY RWbKS

icOLLSNZOK\ f \YKN RS bLYZ[S f d PK cOWK f d PK ZOWKQ \P jOL\ f OP d PK ZOWKQ \P V WRWSP g
JK SK \M\PWQ ePS \YKN KOQLS cYN f

n
⋃

i=1

B(ai,i,Λi) = B(4, 4)

OK XOWQ \OKc ePS RSN XYRSPLN ZLOZLSN \S
A
NOKQ cOVZLWNSN SKQLS

0
SQ

8
g �PZZONOKN ePS

0
NOWQ XYRSPL ZLOZLS \S

A
g � ROLN \ aYZLUN RS Q[MOLUV S \S ]SLN[b�LWK f cOVVS

0
SNQ PKS
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XYRSPL S	QL
VYRS \S n
⋃

i=1

B(ai,i,Λi) = B(4, 4)
f SQ ePS RY VYQLWcS

A
SNQ WLLM\PcQWjRS f OK

SK \M\PWQ ePS
0
SNQ \YKN n

⋂

i=1

∂B(ai,i,Λi)
g JL cSQ SKNSVjRS SNQ XW\S \YKN KOQLS cYN g JK

SK \M\PWQ ePS
0
K aSNQ ZYN XYRSPL ZLOZLS \S

A
f \OKc ePS RSN XYRSPLN ZLOZLSN \S

A
NOKQ

QOPQSN NQLWcQSV SKQ ZONWQWXSN f cS ePW XSPQ \WLS ePS
A
SNQ \MiKWS ZONWQWXS g

�
�����
��� ��� ��
A�KQPWQWXSV SKQ f NW OK NS NOPXWSKQ \P `YZRYcWSK SK \WVSKNWOK

1
YXSc cOK\WQWOKN \S

 WLWc[RSQ f RSN XScQSPLN ZLOZLSN \P ZLOjRUV S \WNcLMQWNM cOLLSNZOK\YWSKQ YP	 XYRSPLN \SN
XScQSPLN ZLOZLSN f MXYRPMN NPL RSN ZOWKQN \P V YWRRYbS g �OWSKQ

p
SQ

q
i	MN g �[SLc[OKN

\OKc \SN XScQSPLN ZLOZLSN \S RY �OLV S

ui,j = sin

(

pπi

l + 1

)

sin

(

qπj

l + 1

)

OK QLOPXS YROLN
−ui+1,j + 2ui,j − ui−1,j

h2
+

−ui,j+1 + 2ui,j − ui,j−1

h2

= 4 sin2

(

pπ

2(l + 1)

)

sin

(

pπi

l + 1

)

sin

(

qπj

l + 1

)

+4 sin2

(

qπ

2(l + 1)

)

sin

(

pπi

l + 1

)

sin

(

qπj

l + 1

)

= 4

(

sin2

(

pπ

2(l + 1)

)

+ sin2

(

qπ

2(l + 1)

))

sin

(

pπi

l + 1

)

sin

(

qπj

l + 1

)

JK Y \OKc QLOPXM
l2
XScQSPLN ZLOZLSN WK\MZ SK\YKQN f ePW cOLLSNZOK\SKQ YP	 XYRSPLN

ZLOZLSN \S
A
ePW NOKQ

λp,q = 4

(

sin2

(

pπ

2(l + 1)

)

+ sin2

(

qπ

2(l + 1)

))

OK SK \M\PWQ ePS
λ� �� = 8 sin2

(

lπ

2(l + 1)

)

SQ ePS

λ� �� = 8 sin2

(

π

2(l + 1)

)

� WKYRSV SKQ f OK QLOPXS RS cOK\WQWOKKSVSKQ \S
A
ZYL RY �OLVPRS

�OK\
2(A) =

λ� ��
λ� ��

=

sin2

(

lπ

2(l + 1)

)

sin2

(

π

2(l + 1)

)

� H_ H��

� I�� �� � � ��
� ��� � �� ���� ����� I0 	 ��
JK NS \OKKS PK bLYZ[S KOK OLWSKQM g JK YZZSRRS 
�� � \ aPK NOVVSQ RS KOVjLS
\S XOWNWKN \ aPK NOVVSQ \S cS bLYZ[S

`SN MQYZ SN NOKQ RSN NPWXYKQSN
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• �[OWNWL PK NOVVSQ \S \MZYLQ SQ RPW Y�ScQSL RS KPVMLO �
• �OPL

i = 1, 2, . . . n
f QLOPXSL QOPN RSN XOWNWKN KOK LSKPVMLOQMN \P NOVVSQ

xi

SQ RSN KPV MLOQSL ZYL OL\LS cLOWNNYKQ \S \SbLM
• `Y KPVMLOQYQWOK � �SXSLNS �PQ[WRR�� Yc � SS � SNQ \OKKMS ZYL ^

y1, y2 . . . yn

O�
yi = xn−i+1

g

�iK \ aMXYRPSL RS ZLOi R \S
A
f OK cYRcPRS NPccSNNWXSV SKQ RSN

fi

f RSN
βi

f SQ RSN
ωi

g
�SP	�cW NOKQ LMNPVMN \YKN RS QYj RSYP NP WXYKQ g

`WbKS � � � � � � � � � �� �� �� �� �� ��
fi

� � � � � � � � � � �� �� �� �� ��
βi

� � � � � � � � � � � � � � �
`WbKS �� �� �� �� �� �� �� �� �� ��

fi
� � � � � � � � � ��

βi
�� �� �� �� �� �� �� �� �� ��

JK QLOPXS YP QOQYR ��� QSLV SN \YKN RS ZLOi R \S
A
g

� SbYL\OKN d ZLMNSKQ cS ePW NS ZYNNS ZOPL RY NScOK\S KPVMLOQYQWOK \S
A
g

`WbKS � � � � � � � � � �� �� �� �� �� ��
fi

� � � � � � � � � � � � � � ��
βi

� � � � � � � � � � � � � � �

`WbKS �� �� �� �� �� �� �� �� �� ��

fi
�� �� �� �� �� �� �� �� � � ��

βi
� � � � � � � � � �

JK QLOPXS YP QOQYR ��� QSLV SN \YKN RS ZLOi R \S
A
g

 aPKS V YKWULS bMKMLYRS f OK KPVMLOQS � SK \WYbOKYRS � RS bLYZ[S \S RY V YQLWcS
l × l

f cOVVS OK Y KPVMLOQM RS bLYZ[S \S RY V YQLWcS
25× 25

�XOWL ZYbS NPWXYKQS� g JK
KPVMLOQS MbYRSV SKQ RSN \WYbOKYRSN �SK bLYN NPL RS \SNNWK � g �SRRSN�cW cOKQWSKKSKQ ^

• k
QSLVSN NPL RY

k��� � \WYbOKYRS NW k 6 l
g

• 2l − k
QSLV SN NPL RY \WYbOKYRS NW

l + 1 6 k 6 2l − 1
g

� RY�OKN�KOPN NPL PKS \WYbOKYRS KPVMLOQMS
i
YXSc

i 6 l
g `S ZRPN Z SQWQ QSLV S \S RY

\WYbOKYRS SNQ MbYR d RY NOVVS \SN QSLVSN NPL RSN \WYbOKYRSN ZLMcM\SKQSN f ZRP N � ^
(

i−1
∑

k=1

k

)

+ 1 =
i(i − 1)

2
+ 1

`S XOWNWK \S ZRPN Z SQWQ KPV MLO \P ZLSV WSL MRMVSKQ \ aPKS \WYbOKYRS SNQ cSRP W ePW SNQ
NWQPM SK \SNNOPN f SQ ePW Y \OKc RS KPV MLO (i − 1)(i − 2)

2
+1

�ZYL S	SVZRS f NPL RS \SNNWK f
RS Z RPN Z SQWQ XOWNWK \P NOVVSQ

7
SNQ RS NOVVSQ

4
� g �OPL PK NOVVSQ ePW K aSNQ ZYN RS

ZLSV WSL \S RY \WYbOKYRS f RS ZRP N Z SQWQ XOWNWK SNQ cSRPW NWQPM \WLScQSV SKQ d bYPc[S g
JK SK \M\PWQ ePS ZOPL RS ZLSV WSL QSLV S \S RY \WYbOKYRS

i
f RY jYK\S cOKQWSKQ

i(i − 1)

2
+ 1 −

(

(i − 1)(i − 2)

2
+ 1

)

+ 1 =
(i − 1)

2
(i − i + 2) + 1 = i

�OPL RSN YPQLSN QSLV SN f RY jYK\S cOKQWSKQ PK QSLV S \S ZRPN f NOWQ
i + 1

g � WKYRSVSKQ f RS
KOVjLS QOQYR \ aMRMV SKQN NS QLOPXYKQ \YKN RS ZLOi R \S

L
f NPL RSN RWbKSN

6 l
SNQ MbYR d

l
∑

i=1

(i + (i − 1) × (i + 1)) =
l

∑

i=1

(

i + i2 − 1
)
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1 3 6 10 15

2 5 9 14 19

4 8 13 18 22

7 12 17 21 24

11 16 20 23 25

1

2

3

4

5 6 7 8 9

RR

R

R

R

R R R R R

�LWZ OQOKN PK ZSP cSQQS NOVVS ^
l

∑

i=1

(

i + i2 − 1
)

=
l(l + 1)

2
+

l(l + 1)(2l + 1)

6
− l

=
l(l + 1)(3 + 2l + 1)

6
− l

=
l(l + 1)(l + 2)

3
− l

l
∑

i=1

(

i + i2 − 1
)

=
l(l2 + 3l − 1)

3

JK NS ZRYcS d ZLMNSKQ NPL PKS \WYbOKYRS
i > l

g `S ZLSV WSL QSLV S \S cSQQS \WYbOKYRS
Y ZOPL KPVMLO

l
∑

k=1

k +
i−1
∑

k=l+1

(2l − k) + 1

JK NWVZRWiS cSQQS NOVVS ^
i−1
∑

k=l+1

(2l − k)= 2l(i − 1 − (l + 1) + 1) −
i−1
∑

k=l+1

k

=2l(i − l − 1) −
i−1
∑

k=1

k +
l

∑

k=1

k

=2l(i − l − 1) − i(i − 1)

2
+

l(l + 1)

2
� WKYRSV SKQ f RS ZLSV WSL QSLV S \S RY \WYbOKYRS Y ZOPL KPVMLO

l(l + 1) + 2l(i − l − 1) − i(i − 1)

2
+ 1
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`S ROKb \S cSQQS \WYbOKYRS f RY RYLbSPL \S jYK\S SNQ cOKNQYKQS f MbYRS d RY \W�MLSKcS SKQLS
RS ZLSV WSL NOVVSQ \S RY \WYbOKYRS SQ RS ZLSV WSL NOVVSQ \S RY \WYbOKYRS ZLMcM\SKQS f
ZRPN

1
g `S ROKb \S RY \WYbOKYRS

i
f RY RYLbSPL \S jYK\S SNQ \OKc MbYRS d

l(l+1)+2l(i−l−1)− i(i − 1)

2
+1−

(

l(l + 1) + 2l(i − 1 − l − 1) − (i − 1)(i − 2)

2
+ 1

)

NOWQ f YZLUN NWVZRWicYQWOK
2l− i+1

g � WKNW f MQYKQ \OKKM PKS RWbKS \S RY V YQLWcS f \OKQ RS
KPV MLO NS QLOPXS NPL RY \WYbOKYRS

i
f RS KOVjLS \ aMRMVSKQN \S cSQQS RWbKS NS QLOPXYKQ

\YKN RS ZLOi R SNQ MbYR d
2l − i + 2

�R LSNQS d VPRQWZ RWSL cSQQS ePYKQWQM ZYL RS KOVjLS
\ aMRMV SKQN NS QLOPXYKQ NPL RY \WYbOKYRS

i
f c aSNQ d \WLS

(2l− i)
f SQ d NOVVSL SKQLS

l +1SQ
2l − 1

^
2l−1
∑

i=l+1

(2l − i + 2)(2l − i)

\YKN cSQQS \SLKWULS NOVVS f OK S�ScQPS RS c[YKbSV SKQ \ aWK\WcS
l + 1 + j = i

f SQ OK
QLOPXS

2l−i
∑

i=l+1

(2l − i + 2) =
l−2
∑

j=0

(l − j − 1)(l − j + 1) =
l−2
∑

j=0

(

(l − j)2 − 1
)

JK cYRcPRS cSQQS \SLKWULS NOVVS
l−2
∑

j=0

(

(l − j)2 − 1
)

=

(

l
∑

i=1

i2
)

− 1 − (l − 1)

=
l(l + 1)(2l + 1)

6
− l

=
l(2l2 + 3l − 5)

6
l−2
∑

j=0

(

(l − j)2 − 1
)

=
l(l − 1)(2l + 5)

6

� WKYRSV SKQ f OK QLOPXS f \YKN RS ZLOi R \S
A
PK KOVjLS \S QSLVSN MbYR d

l(4l2 + 9l − 7)

6
ePW SNQ MeP WXYRSKQ d

2l3

3
�SRY LSZLMNSKQS PK bYWK \ aSKXWLOK

1/3
ZYL LYZZOLQ d RY ZLSV WULS KPV MLOQYQWOK ZLO�

ZONMS g
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YKN QOPQ R aS	SLcWcS f WR �YP\LY jWSK NS LYZZSRSL ePS t
v v

SNQ PK �������g

� HI JK KOQS
H(v) = Id − 2

t
v v

v
t
v
g � OKQLOKN ePS

H(v)
SNQ PKS V YQLWcS NTV MQLWePS ^

t
H(v) =

t (

Id − 2
t
v v

v
t
v

)

=
t
Id − 2

t
v v

t (

v
t
v
)

=Id − 2
t
v v

v
t
v

t
H(v) =H(v)

OK SK \M\PWQ ePS RY V YQLWcS
H(v)

SNQ PKS V YQLWcS NTV MQLWePS g � OKQLOKN d ZLMNSKQ ePS
H(v)

SNQ OLQ[ObOKYRS g �OPL cSRY f WR NP� Q \S VOKQLSL ePS t
H(v) H(v) = Id

OP SKcOLS
ePS

H(v)2 = Id
f ZPWNePS

H(v)
SNQ NTV MQLWePS g

H(v)2 =

(

Id − 2
t
v v

v
t
v

)2

= Id − 4
t
v v

v
t
v +

4
t
v v

t
v v

v
t
v v

t
v

= Id − 4
t
v v

v
t
v +

4
t
v v

v
t
v

H(v)2 = Id

H(v)
SNQ PKS ��� �	�� 
	� 
� 
����f ZYL LYZZOLQ d R a[TZ SLZRYK Ker (H(v) −

Id ) = Ker (v
t
v) = v⊥ f SQ NPL Ker (H(v) + Id ) = Rv

g

v⊥

u

H(v)u
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H(a + ‖a‖e1)a = H(a + ‖a‖e1)(a + ‖a‖e1) − ‖a‖H(a + ‖a‖e1)e1

= a + ‖a‖e1 − ‖a‖e1

−‖a‖ 2
t
(a + ‖a‖e1)(a + ‖a‖e1)

(a + ‖a‖e1)
t
(a + ‖a‖e1) e1

ZYL YWRRSPLN OK Y
t
(a + ‖a‖e1)(a + ‖a‖e1) = ‖a‖2 + 2‖a‖a1 + ‖a‖2 = 2‖a‖(‖a‖ + a1)

SQ
t
(a + ‖a‖e1) e1 = a1 + ‖a‖

OK Y \OKc

‖a‖ 2
t
(a + ‖a‖e1)(a + ‖a‖e1)

(a + ‖a‖e1)
t
(a + ‖a‖e1) e1

= ‖a‖ 2(a1 + ‖a‖)
2‖a‖(‖a‖ + a1)

(a + ‖a‖e1) = a + ‖a‖e1

� WKYRSV SKQ f OK QLOPXS
H(a + ‖a‖e1)a = −‖a‖e1JK VOKQLS \S V 
VS ePS
H(a − ‖a‖e1)a = ‖a‖e1

� H0 �OWQ
A
PKS V YQLWcS

n × n
f LMbPRWULS f SQ

b
PK XScQSPL \S

R
n g JK N aWKQMLSNNS

�PKS �OWN \S ZRPN ggg� YP NTNQUV S
Ax = b

g �OWQ
C1

RY ZLSV WULS cOROKKS \S
A
g 1K

VPRQWZRWYKQ d bYPc[S RS NTNQUV S ZYL RY V YQLWcS
H(C1 + ‖C1‖e1)

f SQ SK ZONYKQ
A(2) =

H(C1 + ‖C1‖e1)A
SQ

b(2) = H(C1 + ‖C1‖e1)b
f OK NS LYV UKS YP NTNQUV S MePWXYRSKQ

A(2)x = b(2) g  aYZLUN RY ePSNQWOK ZLMcM\SKQS f RY ZLSV WULS cOROKKS \S A(2) SNQ MbYRS d
−‖C1‖e1

f OK SK \M\PWQ ePS
a
(2)
i,1

SNQ KPR ZOPL QOPQ
i > 2

g
�OVVS

A(2) = H(C1 + ‖C1‖e1)ASQ ePS
H
SNQ PKS V YQLWcS OLQ[ObOKYRSN f OK NYWQ ePS RS cOK\WQWOKKSV SKQ SK KOLV S �

\S
A
SQ \S

A(2) NOKQ MbYP	 g
� H� JK NPZZONS 
QLS YLLWXMN d
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ePS R aOK KOQS �OLV SRRSV SKQ ZYL jRO cN
(

A
(k)
1 A

(k)
2

0 A
(k)
3

)
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O�
A

(k)
1

SNQ QLWYKbP RYWLS NPZ MLWSPLS g JK KOQS
C(k) RY ZLSV WULS cOROKKS \S A

(k)
3

g 1K
VPRQWZRWYKQ

A(k) d bYPc[S ZYL RY V YQLWcS
(

Id 0

0 H(C(k) + ‖C(k)‖e1)

)

OK QLOPXS j WSK PKS V YQLWcS
A(k+1) QSRRS ePS a

(k+1)
i,j = 0

ZOPL
1 6 j 6 k

SQ
j + 1 6 i

g
JK LSV YLePS �YcWRSV SKQ ePS XP ePS

H(C(k)+‖C(k)‖e1)
SNQ OLQ[ObOKYRS f RY V YQLWcS

(

Id 0

0 H(C(k) + ‖C(k)‖e1)

)

SNQ MbYRSVSKQ OLQ[ObOKYRS g
� H�  aYZLUN RY ePSNQWOK ZLMcM\SKQS f OK ZSPQ cOKNQLPWLS PKS NPWQS iKWS \S VYQLWcSN
OLQ[ObOKYRSN

Q(i) QSRRS ePS RY V YQLWcS R
\MiKWS ZYL

Q(n)Q(n−1) . . . Q(1)A = R

NOWQ PKS VYQLWcS QLWYKbPRYWLS NPZ MLWSPLS g �R LSNQS \OKc d ZONSL

Q= (Q(1))−1(Q(2))−1 . . . (Q(n−1))−1(Q(n))−1

=
t
Q(1) t

Q(2) . . .
t
Q(n)

ZOPL QLOPXSL PKS \McOVZONWQWOK
QR

d
A
f O�

Q
SNQ PKS V YQLWcS OLQ[ObOKYRS f SQ

RPKS V YQLWcS QLWYKbPRYWLS NPZ MLWSPLS g `S bLON YXYKQYbS \S cSQQS V MQ[O\S SNQ ePS RS
cOK\WQWOKKSV SKQ SK KOLV S � \S

A
SNQ RS V 
VS ePS cSRPW \S

R
g � WKNW f NW R aOK \MNWLS

LMNOP\LS RS NTNQUV S
Ax = b

f ePW NS LYV UKS YP NTNQUV S
QRx = b

f WR NP� Q \S LMNOP\LS
RS NTNQUV S

Rx =
t
Q b
f ePW SNQ QLWYKbPRYWLS f \OKc ePW NS LMNOPQ �YcWRSVSKQ f SQ ePW SNQ

jWSK cOK\WQWOKKM ZOPL Z SP ePS
A
RS NOWQ g


