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A EFG HIE J KGLMNE LOPHQMRLE STIG QK SMKPTIKQE D EFG MIUELFMV QE W XI YLTYTFE SELOFTHSLE QE FZFGRJ E Ax = b YKL QK J OG[TSE MGOLKGMUE FH MUKIGE \

{
x0 ∈ Rn

xk+1 = (I − αD−1A)xk + αD−1b

]^_ `HYYTFTIF aHE QK FHMGE (xk)k∈N
FTMG NTIUELPEIGE b EG ITGTIF x FK QMJ MGE W c QTLFEI YKFFKIG d QK QMJ MGE SKIF Q eOPKQMGO b TI GLTHUE \

x = (I − αD−1A)x + αD−1b

S eTf
Dx = Dx − αAx + αb

FTMG Ax = b W]^g
(
D−1A

)
i,j

=
ai,j

ai,i

]^h
A EFG d SMKPTIKQE FGLMNGEJ EIG STJ MIKIGE b N eEFG d SMLE

∀i ∈ [[ 1 ; n ]] |ai,i| >
∑
j 6=i

|ai,j | i�j
kTJJE TI Q eK UH d QK lEH MQQE 1 b YTHL HIE J KGLMNE M STIIOE b

‖M‖1 = max
j=1...N

N∑
i=1

|mi,j |

‖M‖∞ = max
i=1...N

N∑
j=1

|mi,j |

mKIF ITGLE NKF b TI K
(I − αD−1A)i,j = δi,j − α

ai,j

ai,i

XI EI SOSHMG MJJOSMKGEJ EIG
N∑

j=1

∣∣(I − αD−1A)i,j

∣∣ = α
∑
j 6=i

∣∣∣∣
ai,j

ai,i

∣∣∣∣

m eKYLRF i�j b TI K
∑
j 6=i

∣∣∣∣
ai,j

ai,i

∣∣∣∣ < 1

n�	�	
	 �o�� pqrst u
ε v r��� ��� ���������
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STIN FM 0 < α 6 1

α
∑
j 6=i

∣∣∣∣
ai,j

ai,i

∣∣∣∣ < α 6 1

S eTf Q eTI SOSHMG
||I − αD−1A||∞ < 1kTJJE ||I − αD−1A||∞ < 1 b TI EI SOSHMG aHE QE LKZTI FYENGLKQ SE QK JKGLMNE S eMGO�LKGMTI EFG FGLMNGEJEIG MIlOLMEHL d 1 b STIN S eKYLRF QE NTHLF b QK J OG[TSE MGOLKGMUE EFGNTIUELPEIGE W
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A EFG OPKQE d 



2 −1 0 . . . . . . . . . 0

−1 3 −2
W W W WWW

0 −1 4 −3
W W W WWWWWW W W W W W W W W W W W W W W W WWWWWW W W W W W W W W W W W W 0WWW W W W −1 n −(n − 1)

0 . . . . . . . . . 0 −1 n + 1





 ^_ XI LEYLEIS QEF ITGKGMTIF NQKFFMaHEF \ A = D − E − F W �K J OG[TSE SE �KNTVMF eONLMG KQTLF {
x0 ∈ Rn

Dxk+1 = (E + F)xk + b

TH EINTLE {
x0 ∈ Rn

xk+1 = D−1(E + F)xk + D−1b

FTMG J = D−1(E + F) W cYLRF NKQNHQ b J EFG OPKQE d



0
1

2
0 . . . . . . . . . 0

1

3
0

2

3

W W W WWW
0

1

4
0

3

4

W W W WWW
WWW W W W W W W W W W W W W W W W WWWWWW W W W W W W W W W W W W 0WWW W W W 1

n
0

n − 1

n

0 . . . . . . . . . 0
1

n + 1
0




XI KYYQMaHE QE G[OTLRJ E SE ELF[P�LMI K�I SE QT NKQMFEL QEF UKQEHLF YLTYLEF SE J W XIK
Λ1 =

1

2
∀i ∈ [[ 2 ; n − 1 ]] Λi =1

Λn =
1

n + 1
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XI EI SOSHMG aHE QEF UKQEHLF YLTYLEF SE J FTIG SKIF QK VTHQE SE NEIGLE � b EG SE LKZTI �W`HYYTFTIF aH eHIE UKQEHL YLTYLE FTMG SE JTSHQE �W c QTLF NTJJE J EFG MLLOSHNGMVQE bNEGGE UKQEHL YLTYLE EFG SKIF
∂B(0,

1

2
)
⋂

∂B(0, 1)
⋂

∂B(0,
1

n + 1
) = ∅

mTIN MQ I eE� MFGE YKF SE UKQEHL YLTYLE SE JTSHQE 1 b STIN ρ(J) < 1 W XI EI SOSHMG aHEQK JOG[TSE SE �KNTV M EFG NTIUELPEIGE W
��� _����kEGGE J KGLMNE LEIGLE SKIF QE NKSLE SH G[OTLRJ E SMFKIG aHE QK JOG[TSE SE
�KNTVM YTHL QE FZFGRJ E Ax = b NTIUELPE FM QK JKGLMNE A EFG MLLOSHNGMV QE dlTLGE STJ MIKIGE SMKPTIKQE W


 ^g 	I NTIFELUKIG QEF J 
JEF ITGKGMTIF b QK J OG[TSE SE KHFF�`EMSEQ F eONLMG
{

x0 ∈ Rn

(D − E)xk+1 = Fxk + b

TH EINTLE {
x0 ∈ Rn

xk+1 = (D − E)−1Fxk + (D − E)−1b

�K J KGLMNE S eMGOLKGMTI EFG STIN G = (D − E)−1F W c�I S eOGHSMEL QK NTIUELPEINE SEQK J OG[TSE SE KHFF�`EMSEQ b TI OGHSME QE FY ENGLE SE G W �THL NEQK b TI NTJJEINE YKLJ KIMYH QEL Q eE�YLEFFMTI lTLJEQQE SH YTQZIJE NKLKNGOLMFGMaHE K�I SE IE LEGLTHUEL aHESEF J KGLMNEF SO� d NKQNH QOEF TH lKNMQEJ EIG NKQNHQKVQEF im eHIE J KIMRLE POIOLKQE b MQ EFG[TLF SE aHEFGMTI SE NKQNH QEL E�YQMNMGEJ EIG (D − E)−1j W
det(λ Id −G)=det(λ Id −(D − E)−1F)

= λn det(Id −
(D − E)−1F

λ
)

= λn det((D − E)−1) det(D − E −
F

λ
)

= λn det((D − E)−1) det(D) det(Id +D−1E −
D−1F

λ
)

= λn det(Id −L −
U

λ
)

Tf TI K ITGO L = D−1E EG U = D−1F W XI K OPKQEJ EIG HGMQMFO QE lKMG aHE det((D −
E)−1) = det(D−1) iNENM EFG ULKM NKL (D − E)−1 EFG GLMKIPH QKMLE MIlOLMEHLEj W

�Q LEFGE d OGHSMEL Q eMIUELFMVMQMGO SE QK J KGLMNE M(λ) = Id −L−
U

λ
b aHE Q eTI E�YQMNMGE \




1 −
1

2λ
0 . . . . . . . . . 0

−
1

3
1

2

3λ

W W W WWW
0 −

1

4
1

3

4λ

W W W WWW
WWW W W W W W W W W W W W W W W W WWWWWW W W W W W W W W W W W W 0WWW W W W −

1

n
1

n − 1

nλ

0 . . . . . . . . . 0 −
1

n + 1
1
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XI NKQNHQE QEF Λi SH G[OTLRJ E SE ELF[P�LMI \
Λ1 =

1

2 |λ|

Λi =
1

i + 1
+

i

|λ| (i + 1)
∀i ∈ [[ 2 ; n − 1 ]]

Λn =
1

n + 1

`M Q eTI FHYYTFE aHE |λ| > 1 b KQTLF TI UTMG aHE M(λ) EFG d lTLGE STJ MIKIGE SMKPTIKQE WmE YQHF b EQQE EFG MLLOSHNGMVQE b TI EI SOSHMG aHE FM |λ| > 1 b KQTLF M(λ) EFG MIUELFMVQE bSTIN QE SOGELJ MIKIG det(λ Id −G) EFG ITI IHQ W �Q U MEIG KQTLF aHE ρ(G) < 1 b STIN aHEQK JOG[TSE EFG NTIUELPEIGE W

 ^h �EF KQPTLMG[J EF SE LOFTQHGMTI MGOLKGMUE SE FZFGEJ E FHMUEIG EI POIOLKQ� W �IE Y[KFE S eMI MGMKQMFKGMTI \ XI N[TMFMG HIE STIIOE MIMGMKQE W XI NKQNHQE SE LOFMSH� KFFT NMO d NEGGE UKQEHL MIMGMKQE� W �IE VTHNQE ���� ��	 SKIF QKaHEQQE TI E
ENGHE QEF MGOLKGMTIF FHL xn W kEGGEVTHNQE SOYEIS S eHI YKLKJ RGLE � YEGMG � iMNM 		� j aHM EFG HIE UKLMKVQE � PQT�VKQE � EG NTIGL QE QE LOFMSH J K� MJ KQ aHE Q eTI UEHG KUTML
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��� _���� � XI UTMG VMEI MNM aH eMQ EFG VEKHNTHY YQH F FMJYQE SE NKQNHQEL xk+1 EIJHQGMY QMKIG YKL F b YH MF EI K�THGKIG b b EG EI�I EI MIUELFKIG QE FZFGRJ E (D−E)x = u b NEaHM LEUMEIG d lKMLE id QK QTHN[Ej 3n TYOLKGMTIF YQHGG aHE SE JHQGMYQMEL YKL (D−E)−1F baHM LEUMEIG d lKMLE n2 TYOLKGMTIF YHMFaHE QK JKGLMNE (D − E)−1F EFG GLMKIPHQKMLEMIlOLMEHLE b J KMF YQEMIE W
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XI F eMIGOLEFFE KH YLTVQRJ E KH� QMJ MGEF
{

−u′′(x) = f(x) ∀x ∈ ] 0 ; 1 [
u(0) = u(1) = 0

� ^	 `M f EFG YTFMGMUE FHL [ 0 ; 1 ] b KQTLF u EFG NTINKUE W XI EI SOSHMG aHE QE PLKY[E SE fEFG KH SEFFHF SE GTHGEF FEF NTLSEF b STIN EI YKLGMNHQMEL KH SEFFHF SE QK NTLSE �TMPIKIGQE YTMIG (0, u(0)) = (0, 0) EG QE YTMIG (1, u(1)) = (1, 0) b aHM EFG MINQHFE SKIF Q eK�E SEFKVFNMFFEF W XI EI SOSHMG aHE u > 0 FHL[ 0 ; 1 ]WkEGGE OaHKGMTI EFG HIE OaHKGMTI SE SM
HFMTI \ TI QK GLTHUE YKL E�EJYQE
• EI E
ENGHKIG HI VMQKI S eOIELPME FHL HI J KGOLMKH LENGMQMPIE �IM STIG QEF E�GL
�JMGOF TIG HIE GEJYOLKGHLE MJYTFOE W kE J KGOLMKH EFG N[KH
O YKL HIE FTHLNEUTQHJ MaHE f W c QTLF TI K

− div (−→q ) + f = 0
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Tf −→q EFG QE UENGEHL �H� SE N[KQEHL W 	I FHYYTFKIG SE YQHF aHE QE J KGOLMKH FH MGQK �� 	 �� ���� 	��
−→q = −λ

−→
∇T

EG aHE λ > 0 EFG NTIFGKIG b KQTLF T UOLM�E
−T′′ =

f

λ

• EI E
ENGHKIG HI VMQKI SE J KGMRLE FHL HI J MQMEH LENGMQMPIE �IM STIG QEF E�GL
J MGOFTIG HIE SEIFMGO STIIOE W kE J MQMEH EFG KQMJ EIGO YKL HIE FTHLNE SE J KGMRLE f Wc QTLF TI K
− div (−→ ) + f = 0

Tf −→ EFG QE UENGEHL �H� SE J KGMRLE W 	I FHYYTFKIG SE Y QHF aHE QE J MQMEH TVOMGd QK �� 	 �� � 	h�
−→ = −D

−→
∇ρ

EG aHE D > 0 EFG NTIFGKIG b KQTLF ρ UOLM�E
−ρ′′ =

f

D

�E LOFH QGKG SE NEGGE aHEFGMTI ITHF SMG aHE SKIF NE NKF b QK GEJYOLKGHLE TH QK SEIFMGOLEFGEIG YTFMGMlF W
� ^		 �K SMFNLOGMFKGMTI SE Q eE�ELNMNE � SE QK lEHMQQE � KUKMG KJEIO KH FZFGRJ E AU = BKUEN

A =




2 −1 0 0 . . . 0
−1 2 −1 0 . . . 0

0
W W W W W W W W W WWWWWW W W W W W W W W W 0

0 . . . 0 −1 2 −1
0 . . . 0 0 −1 2




EG
B =




h2f(x1)
h2f(x2)WWW
h2f(xn)




XI FHYYTFE aHE QEF Bi FTIG YTFMGMlF iNE aHM EFG QE NKF FM f EFG YTFMGMUEj W � TIGLTIF aHESKIF NE NKF QEF Ui FTIG YTFMGMlF W �THL NEQK b TI ONLMG QK J OG[TSE SE �KNTVM KFFT NMOE dNE FZFGRJ E \ TI NTIFMSRLE QK FHMGE (U(k)
)
k∈N

{
U(0) EFG STIIOE
DU(k+1) = (E + F)U(k) + B

Tf D EFG QK J KGLMNE SEF NTE� NMEIGF SMKPTIKH� SE A b EG E EG F FTIG QEF TYYTFOF SEFJ KGLMNEF GLMKIPHQKMLEF FHY OLMEHLE EG MIlOLMEHLE SE A W �EF NTE� NMEIGF SE D b E EG FFTIG STIN YTFMGMlF W `HYYTFTIF aHE QEF NTE� NMEIGF SE U(k) FTMEIG GTHF YTFMGMlF W c QTLFQEF NTE� NMEIGF SE (E + F)U(k) FTIG GTHF YTFMGMlF b EG NEH� SE B FTIG GTHF YTFMGMlF YKL[ZYTG[RFE W XI EI SOSHMG aHE QEF NTE� NMEIGF SE (E + F)U(k) + B FTIG GTHF YTFMGMlF WkTJJE QEF NTE� NMEIGF SE D b STIN SE D−1 FTIG OPKQEJ EIG YTFMGMlF iYKLNE aHE D EFG
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SMKPTIKQEj b MQ UMEIG aHE QEF NTE� NMEIGF SE U(k+1) FTIG GTHF YTFMGMlF W `M Q eTI N[TMFMG YKLE�EJYQE U(0) = B b KQTLF GTHF QEF NTE� NMEIGF SE U(k) FTIG YTFMGMlF b EG NE b aHEQ aHE FTMG
k W mE YQHF b A EFG MLLOSHNGMVQE d SMKPTIKQE lTLGEJ EIG STJ MIKIGE b STIN QK J OG[TSE SE
�KNTVM NTIUELPE \ QEF U(k) NTIUELPEIG UELF U b QK FTQHGMTI SE AU = B W kTJJE GTHFQEF NTE� NMEIGF SE U(k) FTIG YTFMGMlF b TI EI SOSHMG aHE GTHF QEF NTE� NMEIGF SE U FTIGYTFMGMlF W
� ^			 XI NTIFMSRLE QE FZFGRJ E Ax = b b Tf A EFG HIE � �JKGLMNE W � TIGLTIF aHE FMGTHF QEF NTE� NMEIGF SE b FTIG YTFMGMlF b KQTGF GTHF QEF NTE� NMEIGF SE x FTIG YTFMGMlF W
�THL NEQK b TI NTIFMSRLE QK J OG[TSE SE �KNTVM \

{
x(0)

Mx(k+1) = Nx(k) + b

Tf M EFG QK J KGLMNE SMKPTIKQE STIG QEF OQOJEIGF SMKPTIKH� FTIG QEF J 
JEF aHE NEH�SE A b EG N EFG GEQQE aHE N = M − A W XI EI SOSHMG aHE QEF NTE� NMEIGF SE M EG SE NFTIG GTHF YTFMGMlF W `HYYTFTIF aHE QEF NTE� NMEIGF SE x(0) FTIG GTHF YTFMGMlF W � TIGLTIFQK YLTYLMOGO FHMUKIGE YKL LONHLLEINE
P(k) \ � ∀i ∈ [[ 1 ; n ]] x

(k)
i > 0 �

• P(0) EFG ULKME YKL [ZYTG[RFE
• P(k) =⇒ P(k + 1)

`HYYTFTIF aHE P(k) FTMG ULKME W c QTLF
∀i ∈ [[ 1 ; n ]] x

(k)
i > 0

�KL [ZYTG[RFE b TI FKMG aHE QEF NTE� NMEIGF SE b FTIG YTFMGMlF W mE YQHF b NTJJE QEFNTE� NMEIGF SE N FTIG YTFMGMlF b EG aHE YKL [ZYTG[RFE SE LONHLLEINE b QEF NTE� NMEIGFSE x(k) FTIG YTFMGMlF b QEF NTE� NMEIGF SE Nx(k) FTIG GTHF YTFMGMlF W XI EI SOSHMGaHE QEF NTE� NMEIGF SE Nx(k)+b FTIG GTHF YTFMGMlF W 	I�I b NTJJE M EFG SMKPTIKQEEG aHE GTHF FEF NTE� NMEIGF FTIG YTFMGMlF b QEF NTE� NMEIGF SE M−1 FTIG OPKQEJ EIGGTHF YTFMGMlF W c MIFM b QEF NTE� NMEIGF SE M−1(Nx(k)+b) b N eEFG d SMLE QEF NTE� NMEIGFSE x(k+1) FTIG GTHF YTFMGMlF b STIN P(k + 1) EFG ULKME W
•
kTINQHFMTI \ `M YTHL GTHG i SKIF [[ 1 ; n ]] x

(0)
i > 0 b KQTLF YTHL GTHG k SKIF N b EG

YTHL GTHG i SKIF [[ 1 ; n ]] b x(k)
i > 0 WkTJJE TI K FHYYTFO aHE A EFG FTMG d SMKPTIKQE FGLMNGEJ EIG STJ MIKIGE b FTMG MLLOSHN�GMV QE d SMKPTIKQE lTLGEJ EIG STJ MIKIGE b QK J OG[TSE SE �KNTVM NTIUELPE b N eEFG d SMLEaHE

∀i ∈ N xi = lim
k→∞

x
(k)
i > 0

XI EI SOSHMG aHE QEF � �JKGLMNEF b N eEFG d SMLE QEF J KGLMNEF GEQQEF aHE
• A EFG d SMKPTIKQE FGLMNGEJ EIG STJ MIKIGE TH MLLOSHNGMVQE d SMKPTIKQE lTLGEJ EIGSTJ MIKIGE
• QEF NTE� NMEIGF SE QK SMKPTIKQE SE A FTIG YTFMGMlF b EG QEF NTE� NMEIGF [TLF SMKPT�IKQE FTIG GTHF IOPKGMlF W

FHMUEIG QK YLTYLMOGO FHMUKIGE
�TLF SE QK LOFTQHGMTI SE Ax = b b FM YTHL GTHG i bi > 0 KQTLFYTHL GTHG i b xi > 0 W
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XI F eMIGOLEFFE KH YLTV QRJE SE NTIUENGMTI� LOKNGMTI FHMUKIG

{
v∂xρ(x) = −cρ(x) ∀x ∈ ] 0 ; 1 [
ρ(1) = ρ?

Tf v EG c FTIG SEF NTIFGKIGEF b KUEN v < 0 EG c > 0 W �IE KYYLT� MJ KGMTI SE ρi EFGSTIIOE YKL {
v(ρi+1 − ρi) + chρi = 0
−vρn + chρn = −vρ?

� ^	 c�I SE GLTHUEL QEF ρi b TI EFG KJEIO d LOFTHSLE QE FZFGRJE Aρ = b b KUEN

A =




ch − v v 0 . . . 0

0 ch − v v
W W W WWWWWW W W W W W W W W W 0WWW W W W ch − v v

0 . . . . . . 0 ch − v




EG b =
t
(0, . . . , 0,−vρ?) W �K J KGLMNE A EFG GEQQE aHE

• QEF NTE� NMEIGF SMKPTIKH� FTIG YTFMGMlF b EG QEF NTE� NMEIGF E�GLK SMKPTIKH� FTIGIOPKGMlF
• |ch − v| = ch + |v| > |−v| = |v| b STIN QK J KGLMNE A EFG d FGLMNGE STJ MIKIGESMKPTIKQE W

A EFG STIN HIE � �JKGLMNE W �E FZFGRJ E aHE Q eTI K d LOFTHSLE EFG GEQ aHE QEF bi FTIGGTHF YTFMGMlF TH IHQF iEI lKMG b MQF FTIG GTHF IHQF b FKHl QE SELIMEL aHM EFG OPKQ d −vρ? bKUEN ρ? > 0 EG v < 0 b EG aHM EFG STIN YTFMGMl j b EG A EFG HIE ��JKGLMNE W XI EI SOSHMGaHE QEF ρi FTIG GTHF YTFMGMlF TH IHQF W
� ^		 �E FZFGRJ E aHE Q eTI K d LOFTHSLE EFG GLMKIPHQKMLE FHYOLMEHL b MQ Y EHG STIN FELOFTHSLE YKL HI KQPTLMG[J E SE LEJTIGOE W
� ^			 XI SONTJYTFE QK J KGLMNE FTHF QK lTLJ E A = D − E − F b Tf D EFG QK YKLGMESMKPTIKQE SE A b E EFG Q eTYYTFOE SE QK YKLGME GLMKIPH QKMLE MIlOLMEHLE SE A iMNM b TI K

E = 0
j b EG F EFG Q eTYYTFOE SE QK YKLGME GLMKIPH QKMLE FHY OLMEHLE SE A W c QTLF QK J OG[TSESE �KNTVM F eONLMG FTHF QK lTLJ E

{
ρ(0)

Dρ(k+1) = (E + F)ρ(k) + b

�K J KGLMNE S eMGOLKGMTI SE �KNTVM EFG D−1(E + F) = D−1F b E QQE EFG STIN GLMKIPHQKMLEFHY OLMEHLE KUEN SEF 0 FHL QK SMKPTIKQE W kTJJE NEGGE J KGLMNE EFG GLMKIPH QKMLE FHY O�LMEHLE b TI YEHG QMLE FEF UKQEHLF YLTYLEF FHL QK SMKPTIKQE W �K FEHQE UKQEHL YLTYLE SE JEFG STIN 0 W XI EI SOSHMG aHE ρ(J) = 0 W `TMG ρ̄ QK FTQHGMTI SH FZFGRJ E Aρ = b W c QTLF
ρ̄ UOLM�E

Dρ̄ = (E + F)ρ̄ + b

STIN TI GLTHUE
ρ(k+1) − ρ̄ = J(ρ(k) − ρ̄)

TH EINTLE
ρ(k) = ρ̄ + Jk(ρ(0) − ρ̄)
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�K J KGLMNE J I eKZKIG aHE 0 NTJJE UKQEHL YLTYLE b EQQE EFG IMQY TGEIGE W XI EI SOSHMGaHE Jn = 0 b STIN aHE ρ(n) = ρ̄ b N eEFG d SMLE aHE QK J OG[TSE SE �KNTVM NTIUELPE EIKH YQHF n MGOLKGMTIF W �Q EI EFG SE J 
JE YTHL QK JOG[TSE SE KHFF�`EMSEQ b NKL SKIFITGLE NKF b QK J OG[TSE SE �KNTVM EG QK J OG[TSE SE KHFF�`EMSEQ FTIG QEF J 
JEF iN eEFGGTH�THLF QE NKF QTLFaHE E = 0
j W

� ^	� `M Q eTI MIUELFE QK IHJ OLTGKGMTI SH J KMQQKPE b KQTLF TI EFG KJ EIO d LOFTHSLE QE
FZFGRJ E Ãρ̃ = b̃ KUEN




ch − v 0 . . . . . . 0

v ch − v
W W W WWW

0
W W W W W W W W W WWWWWW W W W v ch − v 0

0 . . . 0 v ch − v




EG b̃ =
t
(−vρ?, 0, . . . , 0) W m KIF NE NKF b QK JOG[TSE SE KHFF�`EMSEQ F eONLMG

{
ρ̃(0)

(D̃ − Ẽ)ρ̃(k+1) = F̃ρ̃(k) + b̃

KUEN F̃ = 0 W XI GLTHUE STIN d QK YLEJ MRLE MGOLKGMTI ρ̃(1) = ρ̄ W
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� ^_ mKIF QK lEHMQQE � b TI K UH aHE QK SMFNLOGMFKGMTI SH �KYQKNMEI EI SMJEIFMTI � FHLHIE PLMQQE NKLGOFMEIIE i(n + 2) × (n + 2)

j JEIKMG d QK J KGLMNE FHMUKIGE

A =




Ã −In 0n . . . . . . 0n

−In Ã −In
W W W WWW

0n −In Ã −In
W W W WWWWWW W W W W W W W W W W W W 0nWWW W W W −In Ã −In

0n . . . . . . 0n −In Ã




KUEN

Ã =




4 −1 0 . . . . . . 0

−1 4 −1
W W W WWW

0 −1 4 −1
W W W WWWWWW W W W W W W W W W W W W 0WWW W W W −1 4 −1

0 . . . . . . 0 −1 4




� ^g XI SONTJYTFE A FTHF QK lTLJ E A = D − E − F b KUEN

D =




Ã 0n 0n . . . . . . 0n

0n Ã 0n
W W W WWW

0n 0n Ã 0n
W W W WWWWWW W W W W W W W W W W W W 0nWWW W W W 0n Ã 0n

0n . . . . . . 0n 0n Ã




EG

E + F =




0n In 0n . . . . . . 0n

In 0n In
W W W WWW

0n In 0n In
W W W WWWWWW W W W W W W W W W W W W 0nWWW W W W In 0n In

0n . . . . . . 0n In 0n




	 G QK J OG[TSE SE �KNTVM YKL VQT NF F eONLMG KQTLF
{

x0 ∈ Rn2

Dxk+1 = (E + F)xk + b
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cYLRF QE NKQNHQ SEF NTJYTFKIGEF SE y = (E + F)xk + b b TI UTMG aH eMQ LEFGE d LOFTHSLEQE FZFGRJE Dxk+1 = y W `M Q eTI ITGE ȳ1 QE UENGEHL SEF n YLEJ MRLEF NTJYTFKIGEF SE y b
ȳ2 QE UENGEHL SEF n FHMUKIGEF b EGN W W Wb ȳn QE UENGEHL SEF n SELIMRLEF NTJYTFKIGEF SE y bEG EI lKMFKIG SE J 
JE YTHL xk+1 b TI UTMG aH eTI SEULK LOFTHSLE QEF FZFGRJEF QMIOKMLEFFHMUKIGF iYTHL GTHG 1 6 i 6 n

j \
Ãx̄i

k+1 = ȳi

� ^h XI UTMG aHE Q eTI UK KUTML d LOFTHSLE HI PLKIS ITJVLE SE lTMF QE FZFGRJ E Ãx = bin lTMF d N[KaHE MGOLKGMTI j W �Q Y EHG STIN 
GLE HGMQE S eE
ENGHEL SONTJYTFMGMTI LU SE
Ã W 	I E
EG b J 
JE FM NEQK LEYLOFEIGE HI MIUEFGMFFEJ EIG KFFE� QTHLS KH SOYKLG b TI KHLKEIFH MGE d FE NTIGEIGEL S eHI KQPTLMG[J E SE SEFNEIGE EG S eHI KQPTLMG[J E SE LEJTIGOEYTHL N[KaHE LOFTQHGMTI SH FZFGRJ E Ãx = b b NE aHM EFG GLRF Y EH W mE YQHF b UH QE YLT� QSE QK J KGLMNE A b FK SONTJYTFMGMTI LU FELK GLRF FMJYQE b EG EINTLE NLEHFE W

�THL Q eKQPTLMG[JE b TI YLTYTFE SE FGTN�EL QEF STIIOEF SE x SKIF HI GKVQEKH dSTHVQE EIGLOE n× n SE GEQQE FTLGE aHE QK YLEJ MRLE NTQTIIE LEYLOFEIGE QEF n YLEJ MRLEFNTJYTFKIGEF SE x b QK SEH� MRJ E NTQTIIE QEF n FHMUKIGEF b EGN W W WW mKIF Q eKQPTLMG[J E b
Ã FELK ITGOE C W XI IE UK YKF ONLMLE Q eKQPTLMG[J E EI EIGMEL b NE FELKMG V EKHNTHY GLTYlKFGMSMEH� W XI FHYYTFE STIN KUTML SO� d YLTPLKJJO HI KQPTLMG[J E SE SONTJYTFMGMTI
�� b EG SEF KQPTLMG[J EF SE JTIGOE b SEFNEIGE iLOFTQHGMTI SE FZFGRJ EF QMIOKMLEF GLMKI�PHQKMLEF FHY OLMEHLF EG MIlOLMEHLFj SE JHQGMYQMNKGMTI SE J KGLMNEF n × n YKL UENGEHL b EGSE ITLJ E S eHI UENGEHL SE Rn W XI ITGE iNTJJE EI #���� YKL E�EJYQEj A(:, i) QK
i�� � NTQTIIE SE QK J KGLMNE A W
�����������������������������������������������������
�&�	 #���  �� ����	� � �� 	##	"��	 �� ��"�� ���� ��� �& �	 ������������������������������������������������������
�� �& $-�&�	"�� ������� �� $

�����������������������������������������������������
� �� �� ������� ��� �	 � ����� ���� 	 ����� �#�����������������������������������������������������
��� "������ � ��� �� �����	 � ����� ���� 	 � �%�&' � �	 ( � � )* �'+� ����$-� ����$
) �. %�&' �
��� "��"��	 �	 ����� � " �	�� � � �	 '-* /, 0�' ���($-�/� ���($0� ���1$' ���� $-�/� ���� $0� ���� 0($%�&' � �	 ( � � )* �'+' ����$-0� ����0($2�/� ����$0� ����2 ($
) �. %�&' �

��� "��"��	 �� ��� 	 1 �� �����3-4%�&' � �	 ( � � )* �'+
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%�&' � �	 ( � � )* �'+3-32 5' �� ��$ 561
) �. %�&' �

) �. %�&' �

�����������������������������������������������������
���� "�	 ����� �!	�����������������������������������������������������

�*.� 7&+ �38		� $
��� "��� 	� "	  � "��"��	 �- �+2) $/,9: 2 �%�&' � �	 ( � � 0( )* �'+

� ����$-� ����0($2� ����2 ($2� ����$
) �. %�&' �
� ���($-0� ���1$
� ���� $-0� ���� 0($
� �� 	��	 � �����	 � /�-� � "	 �� � � �	��  �� �	 �� ���	� �+� #��� � �� �	 �����  � ���"�$%�&' � �	 ( � � )* �'+��� ����� �/� ����$-� ����$��� 	� "�	 ��� �/& /� ����$-� ����$

�  �� 	-���� ���� 	9�	9	� ����	 �� �� ����$$� ����$-���� ���� 	9�	9�	�"	��	 �& ��  �� 	$
) �. %�&' �
�) �. �	 � ������ ��� � �� "��"��	 �	 ���!	�������� � ��� �� ��	 �� ��� 	' ���($-�/� ���($0� ���1$' ���� $-�/� ���� $0� ���� 0($%�&' � �	 ( � � )* �'+' ����$- 0� ����0($2�/� ����$0� ����2 ($
) �. %�&' �3-4%�&' � �	 ( � � )* �'+%�&' � �	 ( � � )* �'+3-32 5' �� ��$ 561

) �. %�&' �

) �. %�&' �
) �. �*.� 7&+
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mKIF NEG E�ELNMNE b TI OGHSME SEF JOG[TSEF MGOLKGMUEF SE LOFTQHGMTI SE Ax = b b KUEN

A =




4 −1 −1 0 . . . . . . 0

−2 5 −2 −1
W W W WWW

0 −2 6 −3 −1
W W W WWWWWW W W W W W W W W W W W W W W W 0WWW W W W −2 n + 1 −(n − 2) −1WWW W W W −2 n + 2 −(n − 1)

0 . . . . . . . . . 0 −2 n + 3




� ^_ XI YLEIS QEF ITGKGMTIF NQKFFMaHEF A = D−E−F W �K JOG[TSE SE �KNTV M F eONLMGKQTLF {
x0 ∈ Rn

Dxk+1 = (E + F)xk + b

�K J KGLMNE S eMGOLKGMTI SE �KNTV M EFG STIN J = D−1E + D−1F b EG TI K




Ji,i−1 =
2

i + 3
YTHL i = 2 . . . n

Ji,i+1 =
i

i + 3
YTHL i = 1 . . . n − 1

Ji,i+2 =
1

i + 3
YTHL i = 1 . . . n − 2

,

QEF KHGLEF NTE� NMEIGF OGKIG IHQF W
�THL NKQNHQEL ‖J‖∞ EG ‖J‖1 b MQ FH� G SE NKQNH QEL QEF ITLJ EF 1 SEF QMPIEF EG SEFNTQTIIEF SE J iTI ITGE Li EG Ci LEFYENGMUEJ EIG QEF UENGEHLF QMPIEF EG NTQTIIEF SE J

j W
• � ��� � ] ��� h� ������ �THL HIE NTQTIIE i aHM I eEFG YKF GLTY YLRF SH VTLS bTI K

‖Ci‖1 =
2

i + 4
+

i − 1

i + 2
+

1

i + 1

=
2

i + 4
+ 1 −

3

i + 2
+

1

i + 1

=1 +
2(i + 2)(i + 1) − 3(i + 4)(i + 1) + (i + 2)(i + 4)

(i + 1)(i + 2)(i + 4)

=1 −
5i

(i + 1)(i + 2)(i + 4)m eTf
‖C1‖1 =

1

2

‖C2‖1 =
3

5

‖Cn‖1 =
n

n + 3
= 1 −

3

n + 3

‖Ci‖1 =1 −
5i

(i + 1)(i + 2)(i + 4)
YTHL i = 3 . . . n − 1
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• � ��� � ] ��� �	����

‖L1‖1 =
1

2

‖Ln−1‖1 =
n + 1

n + 2
= 1 −

1

n + 2

‖Ln‖1 =
2

n + 3
‖Li‖1 =1 YTHL i = 2 . . . n − 2

XI EI SOSHMG
‖J‖∞ < 1 EG ‖J‖1 = 1kTJJE ‖J‖∞ < 1 b QK J OG[TSE SE �KNTVM EFG NTIUELPEIGE W

� ^g XI ITGE A = D − E − F b EG TI HGMQMFE QK J OG[TSE SE LEQK�KGMTI FH MUKIGE \




x0 ∈ Rn

Dyk+ 1

2

= b + Exk+1 + Fxk (1)

KUEN xk+1 =
1

2

(
yk+ 1

2

+ xk

)
(2)

� ^g ^	 `M xk → x b KQTLF S eKYLRF (1) b QK FHMGE (yk+ 1

2

)

k∈N

NTIUELPE EG TI ITGE y FK
QMJ MGE W 	I lKMFKIG YKFFEL (2) d QK QMJ MGE b TI GLTHUE QK LEQKGMTI y = x W 	I LEYTLGKIGSKIF (1) aHE Q eTI K OPKQEJ EIG lKMG YKFFEL d QK QMJ MGE b TI GLTHUE

Dx = b + Ex + Fx

TH EINTLE Ax = b W
� ^g ^		 �K LEQKGMTI (2) YEHG FE LOONLMLE

yk+ 1

2

= 2xk+1 − xk

	I LEYTLGKIG SKIF (1) b TI GLTHUE
2Dxk+1 − Dxk = b + Exk+1 + Fxk

S eTf
(2D − E)xk+1 = (F + D)xk + b

FTMG
xk+1 = Gxk + Hb

KUEN {
G = (2D − E)−1(F + D)
H = (2D − E)−1b

� ^g ^			 kTJJEI�TIF YKL NKQNHQEL G EI lTINGMTI SE L = D−1E EG U = D−1F \
G =(2D − E)−1(F + D)

=

(
2D

(
Id −

D−1E

2

))−1

D
(
Id +D−1F

)

=

(
Id −

L

2

)−1
1

2
D−1D(Id +U)

G =
1

2

(
Id −

L

2

)−1

(Id +U)
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XI K KQTLF
PG(λ)= det

(
λ Id −

1

2

(
Id −

L

2

)−1

(Id +U)

)

= det

((
Id −

L

2

)−1(
λ

(
Id −

L

2

)
−

1

2
(Id +U)

))

= det

((
Id −

L

2

)−1
)

det

((
λ −

1

2

)
Id −

λ

2
L −

1

2
U

)

=

(
λ −

1

2

)n

det

(
Id −

λ

2λ − 1
L −

1

2λ − 1
U

)

iXI K HGMQMFO QE lKMG aHE det

((
Id −

L

2

)−1
)

= 1 b NKL MQ F eKPMG S eHIE J KGLMNE GLMKIPH�
QKMLE KUEN HIMaHEJ EIG SEF 1 FHL QK SMKPTIKQEj W
� ^g ^	� �EF NTE� NMEIGF SEF SM
OLEIGEF J KGLMNEF F eONLMUEIG

Li,i−1 =
2

i + 3
YTHL i = 2 . . . n






Ui,i+1 =
i

i + 3

Ui,i+2 =
1

i + 3

� TIGLTIF aHE QK J KGLMNE M(λ) = Id −
λ

2λ − 1
L−

1

2λ − 1
U EFG MIUELFMVQE W kENM LEUMEIG

d JTIGLEL aHE t
M(λ) EFG MIUELFMVQE b EG MQ FH� G STIN SE JTIGLEL aHE t

M(λ) EFG dFGLMNGE STJ MIKIGE SMKPTIKQE iTI I eEFFKME YKF KUEN M(λ) b NKL YTHL λ = 1 b QK FTJJE SEFNTE� NMEIGF [TLF SMKPTIKQE EFG OPKQE d 1 b EG EQQE I eEFG STIN YKF d SMKPTIKQE FGLMNGEJ EIGSTJ MIKIGEj W `HL HIE NTQTIIE i aHM I eEFG I M QK YLEJ MRLE b IM QK SEH� MRJ E b I M QK SELIMRLE bQK FTJJE SEF JTSHQEF SEF NTE� NMEIGF [TLF SMKPTIKQE SE M(λ) EFG OPKQE d
Si =

|λ|

|2λ − 1|

2

i + 4
+

1

|2λ − 1|

(
i − 1

i + 2
+

1

i + 1

)

�THG S eKVTLS b MQ NTIUMEIG SE GLTHUEL SEF J K�TLKGMTIF SE |λ|

|2λ − 1|
EG 1

|2λ − 1|
QTLFaHE

|λ| > 1 Wm eHIE YKLG b TI K
1 6 |λ| =

∣∣∣∣λ −
1

2
+

1

2

∣∣∣∣ 6

∣∣∣∣λ −
1

2

∣∣∣∣+
∣∣∣∣
1

2

∣∣∣∣

S eTf
1

2
6

∣∣∣∣λ −
1

2

∣∣∣∣

FTMG
1

|2λ − 1|
6 1.

m eKHGLE YKLG b TI K
|λ| =

∣∣∣∣λ −
1

2
+

1

2

∣∣∣∣ 6

∣∣∣∣λ −
1

2

∣∣∣∣+
1

2
6

∣∣∣∣λ −
1

2

∣∣∣∣+
|λ|

2
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S eTf
|λ|

2
6

∣∣∣∣λ −
1

2

∣∣∣∣

FTMG
|λ|

|2λ − 1|
6 1.

XI EI SOSHMG
Si 6

2

i + 4
+

i − 1

i + 2
+

1

i + 1	 G NEGGE aHKIGMGO EFG FGLMNGEJ EIG MIlOLMEHLE d 1 S eKYLRF NE aH eTI K lKMG YTHL �KNTV M W	I HGMQMFKIG SE QK J 
JE JKIMRLE NE aH eTI K UH YTHL �KNTVM iEG EI HGMQMFKIG KHFFM QEFMIOPKQMGOF FHL λ
j b TI JTIGLE aH eMQ EI EFG SE J 
JE YTHL QK YLEJ MRLE b QK SEH� MRJ E b EGQK SELIMRLE NTQTIIE W

� ^g ^� kTJJE YTHL |λ| > 1 QK J KGLMNE B EFG MIUELFMVQE b TI EI SOSHMG aHE PG(λ) EFGITI IHQ YTHL |λ| > 1 W kEQK UEHG SMLE aHE QE LKZTI FY ENGLKQ SE G b J KGLMNE S eMGOLKGMTI bEFG FGLMNGEJ EIG MIlOLMEHL d 1 b STIN aHE QK JOG[TSE SE LEQK�KGMTI EFG NTIUELPEIGE W

� 2 3 456789 89 �CD:55 :@�

A EFG HIE J KGLMNE FZJ OGLMaHE SO�IME YTFMGMUE � TI LEYLEIS QEF ITGKGMTIF A = D−E−F bEG TI K F =
t
E W XI OGHSME QK J OG[TSE MGOLKGMUE FHMUKIGE






x0 ∈ R
n

(D − E)xk+ 1

2

= Fxk + b (1)

(D − F)xk+1 = Exk+ 1

2

+ b (2)

� ^_ �K J KGLMNE A OGKIG FZJ OGLMaHE SO�IME YTFMGMUE b TI EI SOSHMG aHE YTHL GTHGUENGEHL ei SE QK VKFE NKITIMaHE b TI K 〈Aei, ei〉 > 0 W XL TI UTMG aHE 〈Aei, ei〉 = ai,i W
�KL NTIFOaHEIG b QEF NTE� NMEIGF SE QK SMKPTIKQE SE A FTIG GTHF FGLMNGEJ EIG YTFMGMlF bSTIN ITI IHQF W XI EI SOSHMG aHE QEF J KGLMNEF D b D − E EG D − F FTIG MIUELFMVQEF b EGQK JOG[TSE EFG STIN VMEI SO�IME W`HYYTFTIF aHE QK FHMGE (xk)k∈N

NTIUELPE UELF HIE QMJ MGE x W c QTLF S eKYLRF Q eOaHKGMTI
(1) b QK FHMGE (xk+ 1

2

)

k∈N

NTIUELPE OPKQEJ EIG b UELF HIE QMJ MGE x̄ W c QTLF EI lKMFKIG YKFFEL
(2) EG (1) d QK QMJ MGE b TI GLTHUE

{
(D − E)x̄ = Fx + b
(D − F)x = Ex̄ + b

	I LEGLKIN[KIG NEF SEH� OaHKGMTIF b TI GLTHUE
(D − E)x̄ − (D − F)x = Fx − Ex̄

S eTf Dx̄ = Dx W �K J KGLMNE D OGKIG MIUELFMVQE b TI EI SOSHMG x = x̄ W 	I LEYLEIKIG (1)EG EI QE lKMFKIG YKFFEL d QK QMJ MGE b TI TVGMEIG
(D − E)x = Fx + b

STIN Ax = b W



������� ��� 	
����  � ��� ��� ��
� ���	���

��	 �� �� ������� � ��
� ^g � eOaHKGMTI (1) STIIE

xk+ 1

2

= (D − E)−1Fxk + (D − E)−1b

	I LEYTLGKIG SKIF (1) b TI GLTHUE
xk+1 = (D − F)−1E(D − E)−1Fxk + (D − F)−1(D − E)−1b + (D − F)−1b

XI EI SOSHMG KMIFM
{

G = (D − F)−1E(D − E)−1F
H= (D − F)−1(D − E)−1b + (D − F)−1b

� ^h kTJJE TI Q eK UH d QK aHEFGMTI �_� b QK SMKPTIKQE SE A EFG NTIFGMGHOE S eOQOJEIGF
FGLMNGEJEIG YTFMGMlF W �K ITGKGMTI D− 1

2 K STIN V MEI HI FEIF W � YLOFEIG b J KLGZLMFTIFHI YEH G \
G = (D − F)−1E(D − E)−1F

=
(
D1/2D1/2 − D1/2D−1/2FD−1/2D1/2

)−1
E

×
(
D1/2D1/2 − D1/2D−1/2FD−1/2D1/2

)−1
F

=
(
D1/2(Id −D−1/2FD−1/2)D1/2

)−1
E

×
(
D1/2(Id −D−1/2FD−1/2)D1/2

)
F

= D−1/2 (Id −U)
−1

D−1/2ED−1/2 (Id −L)
−1

D−1/2FD−1/2D1/2

= D−1/2 (Id −U)
−1

L (Id −L)
−1

UD1/2

cYLRF KUTML VMEI FTH
ELG b G EFG STIN VMEI FEJVQKVQE d (Id −U)−1 L (Id −L)−1 U W
� ^� �EF J KGLMNEF L EG (Id −L)−1 NTJJHGEIG b STIN G EFG EI lKMG FEJVQKV QE d

(Id −U)
−1

(Id −L)
−1

LU = (Id −U)
−1
(
Id −

t
U
)−1

t
UU W kTIFMSOLTIF λ HIE UKQEHL

YLTYLE SE (Id −U)
−1
(
Id −

t
U
)−1

t
U U EG X HI UENGEHL YLTYLE KFFT NMO d λ W XI K

KQTLF
(Id −U)

−1
(
Id −

t
U
)−1

t
UUX = λX

S eTf
tUUX = λ

(
Id − tU

)
(Id −U)X

XI JHQGMYQME FNKQKMLEJ EIG YKL X b Y THL GLTHUEL b KYLRF NKQNHQ
‖UX‖2

2 = λ‖X‖2
2 − 2λ(UX | X) + λ‖X‖2

2 (3)

NE aHM KJ RIE d
‖UX‖2

2 = λ‖UX − X‖2
2

EG TI EI SOSHMG aHE λ ∈ R+ W 	I LEYLEIKIG (3) b TI GLTHUE
(1 − λ)‖UX‖2

2 = ‖X‖2
2 − 2(UX | X)

= (
(
Id −

t
U−U

)
X | X)

=
t
X
(
Id −

t
U−U

)
X

=
t
X
(
Id −D− 1

2
t
E D− 1

2 − D− 1

2 ED− 1

2

)
X

=
t (

D− 1

2 X
)(

D −
t
E−E

)
D− 1

2 X

=
t (

D− 1

2 X
)

A
(
D− 1

2 X
)

> 0
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NKL A EFG FZJ OGLMaHE SO�IME YTFMGMUE W XI EI SOSHMG aHE 1−λ > 0 b STIN aHE 0 < λ < 1 WXI EI SOSHMG aHE ρ(λ) < 1 b STIN aHE QK J OG[TSE EFG NTIUELPEIGE W
� 2 3456789 89� 8:;9�5:7@� <D59;@49�

XI SOFMLE LOFTHSLE QE FZFGRJE (H+V)x = b b Tf H EFG HIE J KGLMNE FZJOGLMaHE SO�IMEYTFMGMUE b EG Tf V EFG HIE J KGLMNE FEJ M SO�IME YTFMGMUE W �THL NEQK b TI HGMQMFE QK J OG[TSEMGOLKGMUE 




u0 ∈ R
n r > 0

(H + r Id )uk+ 1

2

= (r Id −V)uk + b (1)

(V + r Id )uk+1 = (r Id −H)uk+ 1

2

+ b (2)

� ^_ �EF J KGLMNEF H+r Id EG V+r Id FTIG MIUELFMVQEF b FM EG FEH QEJEIG FM −r I eEFG YKFUKQEHL YLTYLE SE NEF J KGLMNEF W XL H EG V FTIG FZJOGLMaHEF YTFMGMUEF � QEHLF UKQEHLFYLTYLEF FTIG STIN YTFMGMUEF b EG YTHL GTHG r > 0 b H+ r Id EG V+ r Id FTIG MIUELFMVQEF W
�K J OG[TSE EFG STIN VMEI SO�IME W`HYYTFTIF aHE QK FHMGE (uk)k∈N

FTMG NTIUELPEIGE EG ITGTIF u FK QMJ MGE W c QTLF
S eKYLRF Q eOaHKGMTI (1) b QK FH MGE (uk+ 1

2

)

k∈N

EFG OPKQEJ EIG NTIUELPEIGE b UELF HIE QMJ MGE
aHE Q eTI ITGE ū W 	I YKFFKIG d QK QMJ MGE SKIF (1) EG (2) b TI GLTHUE

{
(H + r Id )ū = (r Id −V)u + b
(V + r Id )u = (r Id −H)ū + b

	I LEGLKIN[KIG QK FENTISE OaHKGMTI GLTHUOE d QK YLEJ MRLE b TI GLTHUE
Hū + r Id ū − Vu − ru = ru − Vu − rū + Hū

S eTf
2r(ū − u) = 0

S eTf Q eTI GMLE ū = u W 	I YKFFKIG d QK QMJ MGE SKIF (1) b TI GLTHUE
(H + r Id )u = (r Id −V)u + b

S eTf Q eTI SOSHMG (H + V)u = b b EG QK J OG[TSE EFG STIN NTIFMFGKIGE W
� ^g � eOaHKGMTI (1) STIIE

uk+ 1

2

= (H + r Id )−1(r Id −V)uk + (H + r Id )−1b

	I HGMQMFKIG Q eOaHKGMTI (2) b TI GLTHUE
uk+1 = Truk + Sr

KUEN {
Tr =(V + r Id )−1(r Id −H)(H + r Id )−1(r Id −V)
Sr =(V + r Id )−1(r Id −H)b + b

XI K
Tr = (V + r Id )−1T̃r(V + r Id )

KUEN
T̃r = (r Id −H)(H + r Id )−1(r Id −V)(V + r Id )−1
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kTJJE SKIF NEG E�ELNMNE TI �THE KUEN SEF J KGLMNEF FZJOGLMaHEF b TI N[TMFMG SE GLTHUELHI J K�TLKIG SE ‖T̃r‖2 W mO� d b TI K

‖T̃r‖2 6 ‖(r Id −H)(H + r Id )−1‖2 ‖(r Id −V)(V + r Id )−1‖2

�Q LEFGE d OUKQHEL ‖(r Id −H)(H + r Id )−1‖2 EG ‖(r Id −V)(V + r Id )−1‖2 W kTJJE NEFSEH� JKGLMNEF FTIG FZJ OGLMaHEF iNKL NE FTIG SEF YLTSHMGF SE J KGLMNEF FZJ OGLMaHEF aHMNTJJHGEIG EIGLE EQQEFj b MQ FH� G SE NTIIK�GLE QEHL FY ENGLE YTHL NTIIK�GLE QEHL ‖ · ‖2 W
det
(
(r Id −V)(V + r Id )−1 − λ Id

)
= det (r Id −V − λ(V + r Id ))

× det((V + r Id )−1)
= det(r(1 − λ) Id −(λ + 1)V)

× det((V + r Id )−1)

kE SELIMEL SOGELJ MIKIG EFG IHQ b FM EG FEHQEJ EIG FM r
1 − λ

1 + λ
EFG UKQEHL YLTYLE SE V WkTJJE V EFG FZJ OGLMaHE EG YTFMGMUE b QEF UKQEHLF YLTYLEF SE V FTIG GTHGEF YTFMGMUEF W

XI EI SOSHMG aHE det
(
(r Id −V)(V + r Id )−1 − λ Id

) EFG ITI IHQ FM r 1 − λ

1 + λ
< 0 b N eEFG

d SMLE FM λ ∈ ]−∞ ;−1 [∪ ] 1 ; +∞ [W �EF UKQEHLF YLTYLEF SE (r Id −V)(V+r Id )−1 FTIGSTIN SKIF QK VTHQE SE NEIGLE 0 EG SE LKZTI 1 W XI K STIN
‖(r Id −V)(V + r Id )−1‖2 6 1

�E J 
JE NKQNHQ STIIE
det
(
(r Id −H)(H + r Id )−1 − λ Id

)
= det(r(1 − λ) Id −(λ + 1)H)

× det((H + r Id )−1)

kTJJE H EFG FZJ OGLMaHE SO�IME YTFMGMUE b FEF UKQEHLF YLTYLEF FTIG FGLMNGEJ EIG YTFM�
GMUEF W XI EI SOSHMG aHE FM λ EFG UKQEHL YLTYLE SE (r Id −H)(H+ r Id )−1 b KQTLF r

1 − λ

1 + λEFG UKQEHL YLTYLE SE H b STIN EFG FGLMNGEJEIG YTFMGMl W �Q U MEIG KQTLF λ ∈ ]−1 ; 1 [b EGSTIN
‖(r Id −H)(H + r Id )−1‖2 < 1

TI EI SOSHMG MJJOSMKGEJEIG
‖T̃r‖2 < 1

EG STIN T̃r EFG SE LKZTI FY ENGLKQ FGLMNGEJ EIG MIlOLMEHL d 1 W �K J OG[TSE MGOLKGMUENTIUELPE STIN aHEQaHE FTMG r > 0 W
� ^h XI SONTHYE QK JKGLMNE SH QKY QKNMEI �m FTHF QK lTLJ E

V =




2In −In 0n . . . . . . 0n

−In 2In −In
W W W WWW

0n −In 2In −In
W W W WWWWWW W W W W W W W W W W W W 0nWWW W W W −In 2In −In

0n . . . . . . 0n −In 2In
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H =




Ā 0n 0n . . . . . . 0n

0n Ā 0n
W W W WWW

0n 0n Ā 0n
W W W WWWWWW W W W W W W W W W W W W 0nWWW W W W 0n Ā 0n

0n . . . . . . 0n 0n Ā




KUEN Ā QK J KGLMNE SH QKYQKNMEI �m W �EF J KGLMNEF H EG V FTIG SO�IMEF YTFMGMUEF iKG�GEIGMTI b FM TI SEUKMG QE J TIGLEL b MQ lKHSLKMG LEUEIML d QK SO�IMGMTI b NKL MNM b QEF J K�GLMNEF H EG V FTIG d lTLGE STJ MIKIGE SMKPTIKQE b J KMF YKF MLLOSHNGMVQEFj W �THL NKQNHQEL
um+1/2 d YKLGML SE um b MQ FH� G SE LOFTHSLE n lTMF QE FZFGRJ E SH �KYQKNMEI �m iFKHlaHE QE NTE� NMEIG SE QK SMKPTIKQE EFG r + 2 KH QMEH SE 2

j W �THL QE NKQNHQ SE um dYKLGML SE um+1/2 b N eEFG E�KNGEJ EIG QE J 
JE FZFGRJ E aHE Q eTI STMG LOFTHSLE iYTHLEI 
GLE ULKMJ EIG NTIUKMINH b MQ FH� G SE LOTLSTIIEL QEF UKLMKVQEF SKIF Q eTLSLE FHM�UKIG \1, n + 1, 2n + 1, . . . , (n − 1)n + 1, 2, n + 2, 2n + 2 . . .
j

��� _����
�E GELJ E SE � JOG[TSE SEF SMLENGMTIF KQGELIOEF � EFG �HFGM�O MNM YKL QE lKMG aHELOFTHSLE HI FZFGRJ E MFFH SE QK SMFNLOGMFKGMTI YKL SM
OLEINEF �IMEF SH �KYQK�NMEI �m YEHG 
GLE LEJYQKNO YKL QK LOFTQHGMTI SH �KYQKNMEI �m KQGELIKGMUEJ EIGSKIF HIE EG SKIF Q eKHGLE SEF SEH� SMLENGMTIF W

� 2 3 456789 89 � :�6<;8�7@
`TMG A HIE JKGLMNE FZJ OGLMaHE SO�IME YTFMGMUE W XI NTIFMSRLE QK J OG[TSE

{
x0 ∈ Rn

xk+1 = xk + αrk KUEN rk = b − Axk

� ^_ XI K
xk+1 =xk + αrk

=xk + α(b − Axk)
= (Id −αA)xk + αbkTJJE A EFG FZJ OGLMaHE SO�IME YTFMGMUE b A EFG SMKPTIKQMFKVQE b STIN QK J KGLMNE

(Id −αA) EFG OPKQEJ EIG SMKPTIKQMFKVQE EG FEF UKQEHLF YLTYLEF FTIG QEF 1 − αλi b TfQEF λi FTIG QEF UKQEHLF YLTYLEF SE A W mE YQHF b TI K
λi 6 λ� �� =⇒ αλi 6 αλ� �� < 2

TI EI SOSHMG
1 − αλi > −1

	 G NTJJE A EFG SO�IME YTFMGMUE b TI K
1 − αλi < 1
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XI EI SOSHMG aHE Sp(Id −αA) ⊂ ]−1 ; 1 [W �K J KGLMNE (Id −αA) EFG STIN SE LKZTIFYENGLKQ FGLMNGEJ EIG MIlOLMEHL d 1 b STIN QK J OG[TSE EFG NTIUELPEIGE W
� ^g kTJJE YTHL GTHG λi ∈ Sp(Id −αA) b TI K

λ� �
� 6 λi 6 λ� ��

XI EI SOSHMG
ρ(Id −αA) = JK� (|1 − αλ� �� |, |1 − αλ� �

� |)

	I GLK�KIG QEF lTINGMTIF α 7→ |1 − αλ� �� | EG α 7→ |1 − αλ� �
� | EIGLE

[
0 ;

2

λ� ��

[
b TI

GLTHUE QE SEFFMI FHMUKIG \

1/λ��� 1/λ���
α

1

�E J K� MJHJ SE NEF SEH� lTINGMTIF KGGEMIG FTI J MIMJHJ d Q eMIGELFENGMTI SE α 7→

|1 − αλ� �� | SKIF FK YKLGME NLTMFFKIGE iα >
1

λ� ��

j EG SE α 7→ |1 − αλ� �
� | SKIF FK

YKLGME SONLTMFFKIGE iα 6
1

λ� �
�
j W α��	 UOLM�E STIN

α��	λ� �� − 1 = 1 − α��	λ� �
�

XI EI SOSHMG
α��	 =

1

λ� �� + λ� �
�

	 G TI K KQTLF
ρ(Id −αA) =

λ� �� − λ� �
�

λ� �� + λ� �
�

TH EINTLE
ρ(Id −αA) =

λ� ��
λ� �

� − 1

λ� ��
λ� �

� + 1

=

kTIS2(A) − 1kTIS2(A) + 1
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A EFG HIE J KGLMNE FZJOGLMaHE SO�IME YTFMGMUE b b HI UENGEHL SE Rn b EG x̄ EFG GEQ aHE

Ax̄ = b W]� ^_ �K lTINGMTIIEQQE
J : x 7→ J(x) = (Ax | x) − 2(b | x)

EFG HIE lTINGMTIIEQQE FGLMNGEJ EIG NTIUE�E iNKL FK SOLMUOE FENTISE b A b EFG SO�IME YT�FMG MUEj W 	 QQE KSJEG STIN HI HIMaHE J MIMJHJ FHL Rn b NKLKNGOLMFO YKL J′(x̄) = 0 b N eEFGd SMLE Ax̄ = 0 W �KL KMQQEHLF TI K
E(x)= (A(x − x̄) | x − x̄)

= (Ax | x) − (Ax | x̄) − (Ax̄ | x) + (Ax̄ | x̄)
= (Ax | x) − 2(b | x) + (Ax̄ | x̄)
=J(x) + (b | A−1b)

�K lTINGMTIIEQQE E I eEFG STIN aHE QK lTINGMTIIEQQE J GLKIFQKGOE b EG EQQE K STIN QEFJ 
JEF YLTYLMOGOF SE J MIMJHJ W x̄ EFG STIN OPKQEJ EIG Q eHIMaHE J MI MJHJ SE E W]� ^g
E(x)= (A(x − x̄) | x − x̄)

= (Ax − Ax̄ | A−1(Ax − Ax̄))
= (Ax − b | A−1(Ax − b))
= (r(x) | A−1r(x))

]� ^h XI N[ELN[E d J MIMJ MFEL E(xk+1) b Tf xk+1 EFG SO�IM YKL
xk+1 = xk + αkpk

E(xk+1) EFG HIE lTINGMTI S eHIE UKLMKVQE LOEQQE αk b EQQE EFG STIN J MIMJ KQE FM EG FEHQE�JEIG FM FK SOLMUOE YKL LKYYTLG d αk EFG IH QQE W
E(xk+1)= (A(xk + αkpk − x̄) | xk + αkpk − x̄)

= (A(xk − x̄) | xk − x̄) + αk(Apk | xk − x̄) + αk(xk − x̄ | Apk)
+αk

2(Apk | pk)
= Ek + 2αk(Apk | xk − x̄) + αk

2(Apk | pk)

�K SOLMUOE SE Ek+1 YKL LKYYTLG d αk F eKIIHQE STIN EI
αk = −

(Apk | xk − x̄)

(Apk | pk)
=

(Apk | x̄ − xk)

(Apk | pk)
=

(pk | Ax̄ − Axk)

(Apk | pk)
=

(pk | rk)

(Apk | pk)

XI K KQTLF
rk+1 = b − Axk+1 = b − A(xk + αkpk) = b − Axk − αkApk = rk − αkApk

EG
(pk | rk+1)= (pk | rk) − αk(Apk | pk)

= (pk | rk) −
(pk | rk)

(Apk | pk)
(pk | Apk)

= 0
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	I�I TI K
Ek+1 =(rk+1 | A

−1rk+1)
= (rk+1 | A

−1(rk − αkApk))
= (rk+1 | A

−1rk) − αk(rk+1 | A
−1Apk)

= (rk+1 | A
−1rk)

= (rk − αkApk | A−1rk)
= (rk | A−1rk) − αk(Apk | A−1rk)
=Ek − αk(pk | rk)

=Ek −
(pk | rk)

(Apk | pk)
(pk | rk)

=Ek −
(pk | rk)2

(Apk | pk)(A−1rk | rk)
(A−1rk | rk)

=

(
1 −

(pk | rk)2

(Apk | pk)(A−1rk | rk)

)
Ek

]� ^� m eKYLRF Q eMIOPKQMGO SE kKHN[Z�`N[�KL�
∣∣(Apk | pk)(A−1rk | rk)

∣∣ 6 ‖A−1rk‖2‖rk‖2‖Apk‖2‖pk‖2 6
kTIS2(A)‖rk‖

2
2‖pk‖

2
2

XI EI SOSHMG
(pk | rk)

2

(Apk | pk)(A−1rk | rk)
6

(pk | rk)
2kTIS2(A)‖rk‖2
2‖pk‖2

2

6
1kTIS2(A)

S eTf
Ek+1 6

(
1 −

1kTIS2(A)

)
Ek

]� ^� m eKYLRF QK aHEFGMTI (d) b TI K
Ek 6

(kTIS2(A) − 1kTIS2(A)

)k

E0

�E J EJVLE SE SLTMGE EFG HIE FHMGE POTJ OGLMaHE SE LKMFTI MIlOLMEHLE d 1 b STIN EQQENTIUELPE UELF � b EG QK J OG[TSE SE PLKSMEIG d YKF TYGMJ KQ NTIUELPE W
]� ^�

(Apk−1 | pk)= (Apk−1 | rk + βkpk−1)
= (Apk−1 | rk) + βk(Apk−1 | pk−1)

= (Apk−1 | rk) −
(Apk−1 | rk)

(Apk−1 | pk−1)
(Apk−1 | pk−1)

=0

(rk+1 | rk)= (rk − αkApk | rk)
= ‖rk‖

2
2 − αk(Apk | rk)

= ‖rk‖
2
2 − αk(Apk | pk − βkpk−1)

= ‖rk‖
2
2 − αk(Apk | pk) + αkβk(Apk | pk−1)

= ‖rk‖
2
2 − αk(Apk | pk)

= ‖rk‖
2
2 − (rk | pk)

�KL KMQQEHLF b NTJJE TI Q eK UH d QK aHEFGMTI (d) b TI K (rk | pk−1) = 0 STIN (pk | rk) =
‖rk‖

2
2 W XI EI SOSHMG aHE (rk+1 | rk) = 0 W
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m eKYLRF QK aHEFGMTI (d) b TI K

Apk−1 =
1

αk−1
(rk−1 − rk)

NE aHM YELJ EG SE NKQNHQEL (Apk−1 | pk−1) EG (Apk−1 | rk) \
(Apk−1 | pk−1) =

1

αk−1
(Apk−1 | rk−1 − rk) =

1

αk−1
(Apk−1 | rk−1) =

‖rk−1‖
2
2

αk−1

(Apk−1 | rk) =
−1

αk−1
(rk−1 − rk | rk) = −

‖rk‖
2
2

αk−1

NE aHM STIIE MJJOSMKGEJ EIG
βk =

‖rk‖
2
2

‖rk−1‖2
2

�THL Q eKQPTLMG[J E b TI YLONMFE EI YQHF aHE β0 = 0 b EG TI FE STIIE HI UENGEHL x0 W
�K J MFE EI YQKNE SE Q eKQPTLMG[J E IE YTFE YKF SE PLKISE SM� NHQGO b FM NE I eEFG aH eMQlKHG VMEI lKMLE KGGEIGMTI d Q eTLSLE SKIF QEaHEQ TI NKQNH QE QEF aHKIGMGOF MIGELJ OSMKMLEF
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A EFG HIE JKGLMNE SMKPTIKQMFKV QE W QE NTJYQE�E λ1 EFG QK UKQEHL YLTYLE SE YQHFPLKIS JTSHQE SE A b EG TI FHYYTFE aHE λ1 EFG FMJYQE W XI FE STIIE q0 ∈ Cn b EG TISO�IMG QEF FH MGEF (xk)k∈N

EG (qk)k∈N
SE Cn SE QK J KIMRLE FH MUKIGE \

xk = Aqk−1 EG qk =
xk

‖xk‖

]]^_ XI LKMFTIIE YKL LONHLLEINE
• k = 1

XI K x1 = Aq0 STIN q1 =
x1

‖x1‖
=

Aq0

‖Aq0‖
b STIN QE LOFHQGKG EFG ULKM YTHL k = 1 W

• k =⇒ k + 1

XI FHYYTFE aHE qk =
Akq0

‖Akq0‖
W XI K KQTLF

qk+1 =
xk+1

‖xk+1‖
=

Aqk

‖Aqk‖
=

Ak+1q0

‖Akq0‖

1∣∣∣∣
∣∣∣∣
Ak+1q0

‖Akq0‖

∣∣∣∣
∣∣∣∣
=

Ak+1q0

‖Ak+1q0‖

m eTf QE LOFHQGKG KH LKIP k + 1 W
•
kTINQHFMTI

∀k ∈ N
? qk =

Akq0

‖Akq0‖

]]^g XI N[ELN[E QK QMJ MGE SE
(

λ1

|λ1|

)k

qk =

(
1

λ1

)k

|λ1|
k Akq0

‖Akq0‖
=

Akq0

λk
1∣∣∣∣

∣∣∣∣
Akq0

λk
1

∣∣∣∣
∣∣∣∣

� GHSMTIF Akq0

λk
1

W �THL NEQd b TI SONTJYTFE q0 SKIF QK VKFE (u1 . . . un) SE UENGEHLF
YLTYLEF SE A iTf u1 EFG KFFT NMO d QK UKQEHL YLTYLE λ1

j FTHF QK lTLJ E
q0 =

n∑
i=1

α(i)ui

Akq0

λk
1

=
1

λk
1

Akq0

=
1

λk
1

n∑
i=1

α(i)Akui

=
n∑

i=1

α(i)

(
λi

λ1

)k

ui

=α(1)u1 + ek
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KUEN
ek =

n∑
i=2

α(i)

(
λi

λ1

)k

ui

�K FHMGE SE UENGEHLF (ek)k∈N
GEIS UELF 0 iNKL |λi| < |λ1| YTHL GTHG i

j W XI YEHG STINONLMLE (
λ1

|λ1|

)
qk =

α(1)u1 + ek

‖α(1)u1 + ek‖kTJJE α(1) EFG ITI IHQ b QE J EJVLE SE SLTMGE KSJ EG HIE QMJ MGE aH M EFG u1 ITLJ KQMFO W]]^h m eKYLRF QK aHEFGMTI YLONOSEIGE
lim

k→+∞
‖Aqk − λ1qk‖ = 0

S eKYLRF Q eMIOPKQMGO GLMKIPHQKMLE
‖Aqk − λ1qk‖ >

∣∣∣‖Aqk‖ − |λ1| ‖qk‖
∣∣∣ =

∣∣∣‖Aqk‖ − |λ1|
∣∣∣

XI EI SOSHMG
lim

k→+∞
‖Aqk‖ = |λ1|

]]^�
xk+1(j) − λ1qk(j) = (Aqk − λ1qk)(j)

TL S eKYLRF QK aHEFGMTI (b)

lim
k→+∞

‖Aqk − λ1qk‖ = 0

XI EI SOSHMG
lim

k→+∞
|(xk+1(j) − λ1qk(j))| = 0

STIN aHE
lim

k→+∞

xk+1(j)

qk(j)
= λ1

]]^� `M (λ1, . . . , λn) FTIG QEF UKQEHLF YLTYLEF SE A b KQTLF QEF UKQEHLF YLTYLEF SE A−1

FTIG
(

1

λ1
, . . . ,

1

λn

)
W m eKYLRF QEF aHEFGMTIF YLONOSEIGEF b QK JOG[TSE SONLMGE YKL





q0 ∈ Cn

Axk+1 = qk

qk =
xk

‖xk‖

EFG GEQQE aHE
lim

k→+∞
‖xk‖ =

1

|λn|

Tf λn EFG QK UKQEHL YLTYLE SE JTSHQE QE YQHF Y EGMG SE A W]]^� �THL GLTHUEL QK UKQEHL YLTYLE QK Y QHF YLT N[E SE µ b MQ FH� G S eKYYQMaHEL QKJ OG[TSE d QK J KGLMNE A′ = A − µ Id W 	I E
EG b FM (λ1, . . . , λn) EFG Q eEIFEJVQE SEFUKQEHLF YLTYLEF SE A b KQTLF QEF UKQEHLF YLTYLEF SE A′ FTIG QEF λ1 −µ, . . . λn −µ W c MIFM bQK UKQEHL YLTYLE SE Y QHF YEGMG J TSHQE SE A′ EFG GEQQE aHE |λi − µ| FTMG J MI MJ KQ b N eEFGSTIN QK UKQEHL YLTYLE SE c QK YQHF YLT N[E SE µ W
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A EFG HIE J KGLMNE FZJ OGLMaHE LOEQQE b αk EG βk FTIG SEH� lKJ MQQEF SE LOEQF b EG qk EFGHIE lKJ MQQE SE UENGEHLF b SO�IMF YKL





q0 = 0
q1 aHEQNTIaHE b SE ITLJ E �
Aqk = βk−1qk−1 + αkqk + βkqk+1

]
 ^_ `HYYTFTIF aHE QK lKJ MQQE qk FTMG TLG[TITLJ OE W c QTLF EI JHQGMYQMKIG QK LEQKGMTI
(1) LEFYENGMUEJ EIG YKL qk EG qk+1 TI GLTHUE

(Aqk | qk)= βk−1(qk−1 | qk) + αk(qk | qk) + βk(qk+1 | qk) = αk‖qk‖
2 = αk

(Aqk | qk+1)= βk−1(qk−1 | qk+1) + αk(qk | qk+1) + βk(qk+1 | qk+1) = βk‖qk+1‖
2

= βk
�ONMYLTaHEJ EIG b FHYYTFTIF aHE

αk = (Aqk | qk)
βk = (Aqk | qk+1)

� TIGLTIF YKL LONHLLEINE FHL k aHE FTHF QEF [ZYTG[RFEF YLONOSEIGEF QK lKJ MQQE qk EFGTLG[TITLJ OE
• k = 1 �KL [ZYTG[RFE b QK lKJ MQQE q1 EFG TLG[TITLJOE W
• k =⇒ k + 1 XI FHYYTFE aHE QK lKJ MQQE qk EFG TLG[TITLJOE W c QTLF FTHF LOFELUEaHE (Aqk | qk+1) FTMG ITI IHQ b TI YEHG SO�IML

qk+1 =
Aqk − βk−1qk − αkqk

(Aqk | qk+1)

TI K KQTLF
(qk+1 | qk)=

1

βk
((Aqk | qk) − αk(qk | qk) − βk−1(qk−1 | qk))

=−
βk−1

βk
(qk−1 | qk)

=0

NKL qk−1 EFG TLG[TPTIKQ d qk W �KL KMQQEHLF
(qk+1 | qk−1)=

1

βk
((Aqk | qk−1) − αk(qk | qk−1) − βk−1(qk−1 | qk−1))

=−
αk

βk
(qk−1 | qk)

=0

qk+1 EFG STIN TLG[TPTIKQ d qk EG qk−1 W � TIGLTIF JKMIGEIKIG aHE qk+1 EFGTLG[TPTIKQ d qi YTHL i 6 k − 2 W
(qk+1 | qi)=

1

βk
((Aqk | qi) − αk(qk | qi) − βk−1(qk−1 | qi))

=
1

βk
(Aqk | qi)

=
1

βk
(qk | Aqi)

=
1

βk
(qk | βi−1qi−1 + αiqi + βiqi+1)

=
1

βk
(βi−1(qk | qi−1) + αi(qk | qi) + βi(qk | qi+1))

= 0
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NKL YKL [ZYTG[RFE SE LONHLLEINE b (qk | qi) = 0 YTHL i 6 k − 1 W
•
kTINQHFMTI \ QK lKJ MQQE qk EFG TLG[TITLJ OE W
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 ^h mKIF Q eKQPTLMG[JE YLONOSEIG b MQ EFG YTFFMVQE aHE Q eTI F eKLL
GE KUKIG S eKUTMLNTIFGLHMG HIE lKJ MQQE SE n UENGEHLF TLG[TITLJ OF iYKL E�EJYQE b FM TI YKLUMEIG d HI qkaHM EFG HI UENGEHL YLTYLE SE A
j W mKIF NE SELIMEL NKF b FM TI K NTIFGLH MG HIE lKJ MQQE SE

j UENGEHLF b KQTLF TI YTHLFH MG Q eKQPTLMG[J E EI N[TMFMFFKIG HI UENGEHL j + 1 KQOKGTMLE bSE ITLJ E 1 b EG KYYKLGEIKIG d Q eTLG[TPTIKQ SE �ENG (q1, . . . , qj) W 	 G SKIF QK VKFE qi b QKJ KGLMNE SE A EFG GLMSMKPTIKQE b KUEN QEF αi FHL QK SMKPTIKQE EG QEF βi FHL QK FHL EG QKFTHF�SMKPTIKQE W


