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V WYX,Z\[^]J_\Z\[`]'a`X/Z\[^bcX`de]Jf5]JXhg7i`]kjmleX^Z�gonpleXqnpXrZ3lNX^Xha^]YstlNa^s7uvbBjmlN_of5]
y = zu w lex z

]�s�gPy
i{zJgt]|_tf5nvX`]J_ w y ]|s�gkstlNuva{gtnvlNX}i{]@u�~ z��earb�gtnvlNX (1)

]Jg
u
]|s�gks�leupa`gtnvlNX}i�~ a^X`]@z|�ha^bcgtnvlNX}i{a/g��h��]

i{]
(2) �`� X}Z|bcu�Z3a`u�bcXhg�uv]|s'i{z|_tnv�Nz|]|sPsta^ZJZJ]|sos�nv�N]�s<i`] y w leX,go_tlea`�N]

{

y′ = z′u + zu′

y′′ = z′′u + 2u′z′ + zu′′

� n
y
]|s�gks�leupa`gtnvlNX}i{]�u�~ z|�ha^bcgtnvlNX}i{n���zJ_o]JXhgonp]|upuv]

(1) w bcuvlN_\s
a(z′′u + 2u′z′ + zu′′) + b(z′u + zu′) + czu = 0

WYX/_obestst]Jf��`uv]Yuv]|s<go]J_of�]�s'b��rX/i{]�j�bNnp_o]@bc�`�rbc_\b���gt_o]ka`X`]@z��ha^b�gonpleX/i{np��zJ_o]JXhgtnv]Juvup]@]|X
u �

azu′′ + (2az′ + bz)u′ + (az′′ + bz′ + cz)u = 0

� lNa^_P�ha`]
u
stlNnpg�s�leupa{gonpleX/i#~ a`X^]@z|�ha^b�gonpleX/i`a,g�����]Bi{]

(2) w npu#sta{�5gki{]@Z\[`lenvstnp_ z
stlNuva{gtnvlNX

i{]
2az′ + bz = 0]Jg

u
]|s�g�bNuple_osPstlNuva{gtnvlNX}i{]@u�~ z��ha^b�gonpleX

u′′ + qu = 0

b��e]|Z
q =

az′′ + bz′ + cz

az

���v� � lNnpg
t0
a`X=�JzJ_ol0i�~ a`X`]�stlNuva{gtnvlNXqX^lNXqn�i{]JXhgonv�ha`]|f�]|Xhg<X�a`uvup]Ui{]

(2) �h� uple_os u′(t0) 6= 0 �
� X}]J��]Jg'lNX}stbNn�gk�ha`]�u�b�stlNuva{gonpleX=X�a`uvup]@]�s�gkstlNuva{gonpleX/i{a/�`_olN�`uv�Jf5]@i{]��<bNa^Z\[��







u′′ + qu = 0
u(t0) = 0
u′(t0) = 0

� bc_�a`X`n�Z3npgtzYi`]'uvb0s�leupa{gonpleX!i{]kZ3]k�`_tle�`uv�Jf5]ki{]U�<bNa^Z\[�� w stn u′(t0) = u(t0) = 0 w bcuvlN_\s u
]|s�g

n�i{]JXhgonv�ha`]|f�]|Xhg'Xha^upuv] ��� leX^Z@s�n u
X#~ ]|s�g'�^bNs'nvi{]|Xhgtn��ea^]Jf5]JXhgkX�a`uvup]0]3gk�ha`]

u(t0) = 0 w bNuple_os
u′(t0) 6= 0 �
���p� � ~ bc�`_o�|sPuv]BZ3lea`_os w lNX}stbNn�gk�ha`]�uv]@� _olNXrs�¡�nv]JX=i#~ a`X¢st�{s�go�Jf5]�upnvX`z�bcnv_t]U�Nz|_tnp�^] �

W(t) = W(t0) exp

(
∫

t

t0

Tr(A(s)) ds

)

� n£lNX/z|Z3_onpgPu�~ z|�ha^b�gonpleX
(2)

stlNa^sPu�b�jmlN_of�]@i�~ a`X9st��s�gt�|f5]UuvnvX`z|bNnp_o] w leX,go_tlea`�N]

Y′ =

(

0 1
q 0

)

Y
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� bcX^s�X`lcgo_t]�ZJbes w lNX5b@i{lNX^Z Tr(A(s)) = 0 � WYX�]|X!i{z|i{a^n�g7�ha`]�uv]�� _tleX^s�¡�nv]JX5]|s�g�Z3leX^s�gobcXhg wstlNnpg �
∃K ∈ R ∀t ∈ R x′

1
(t)x2(t) − x1(t)x

′

2
(t) = K

� lenp]|Xhg
t0
]Jg

t1
i{]|a��,�|zJ_olesPZ3leX^s�z�Z3a{gon�j�sPi{]

x1 �{� X}z|��bNuparbcXhg<uv]�� _olNXrs�¡�nv]JX/]JX t0 w �`a`n�sP]JX
t1 w lNX}b

x′

1
(t0)x2(t0) = x′

1
(t1)x2(t1)

�7lef�f5]
t0
]3g

t1
stlNXhg'i{]|a��,�Jz|_tlhsPZ3lNXrs�z�Z3a{gon�j�s w n�s�leupz�s<i`] x1 w lNX}b

x′

1
(t0)x

′

1
(t1) < 0

i�~ lNx
x2(t0)x2(t1) < 0

i�~ bc�^_t��s7uv]�gt[^zJlN_o�Jf5]@i{]�sP��bNup]|a`_\sPnpXhgt]|_tf5z�i{nvbNnp_o]|s w npu£]��{nvs�gt] t′
go]Ju£�ha`]

x2(t
′) = 0 �� a`�^�rlhs�leX^sP�ea£~ nvu�]��{n�s�go]Ui{]|a��,�|zJ_oles

t′
]3g

t′′
i`]

x2

]JXhgt_o]
t0
]Jg

t1 �`� uvlN_\s w ]JX/nvXh�e]J_\stbNXhguv]|s�_��Nuv]|ski{]
x1

]3g
x2

i`bNX^s'Z3]B�ha`]0u�~ lNX9��nv]JXhgki{]@j�bNnp_o] w nvu£]��{nvs�gt] t2
]JXhgt_o]

t′
]Jg

t′′
gt]|u%�ha`]

x1(t2) = 0 w Z3]B�ha`n#ZJlNXhgt_o]|i{npg�up]�j�bNn�gk�ha`] t0
]Jg

t1
s�leXhg�i`]Ja��,�|zJ_oles�ZJlNX^stz|ZJa{gtnpj�s�i{]

x1 �
����� 	�
��������������������� �!�"���$#&%��('

q2 − q1 > 0WYX}X`lcgo]
ϕ
u�b��ha^bNXhgtnpgtz

x1x
′

2
− x2x

′

1
� WYX}b

ϕ′ = x′

1
x′

2
+ x1x

′′

2
− x′

2
x′

1
− x2x

′′

1
= x1x2(q1 − q2)

ϕ′
]�s�g0i`lNX^Zqi`a:stnvdNX`]qi{]

−x1x2 � � lNnv]JXhg t0
]Jg

t1
i{]|a�� �|zJ_oles@Z3leX^stz|Z3a`gtnpj�sBi{]

x1 � WYX bbNuple_os
ϕ(t0) = −x′

1
(t0)x2(t0)

]Jg
ϕ(t1) = −x′

1
(t1)x2(t1)� a^�`�rlhs�leX^s#�ha`]

x2

X`]�s|~ bcX`X�a`uv]��^bNs£s�a`_
[ t0 ; t1 ] �J� uvlN_\s x2

]3g
x1

stlNXhg%i{]�stnvdNX`]�ZJlNX^s�gobNXeg£sta`_
[ t0 ; t1 ] w i{leX^Z�s�]|upleX}up]�s�s�nvdNX`]�sP_t]�s���]|Z3gtnpj�s'i{] x1

]3g
x2 w ϕ ]|s�gkZ3_olNn�stsobcXhgo]Ylea/i{z�Z3_olNn�stsobcXhgo]

s�gt_onvZ3gt]|f�]|Xhg �`� nvs�gtnvX`dNa^lNX^s��^upa^stnv]Ja`_\s�ZJbes �
•
s�n

x1 > 0
]3g

x2 > 0
sta`_

[ t0 ; t1 ] ��� uple_os x′

1
(t0) > 0

]Jg
x′

1
(t1) < 0 � WYX ]JX i{z�i{a`npg�ea^]

x′

1
(t0)x2(t0) > 0

]3g
x′

1
(t1)x2(t1) < 0

lNX}]JX}i{z|i`a`n�g'z|debNup]|f�]|Xhg��ha`]
ϕ
]|s�g'i{z|ZJ_tlenvsostbNXhgt] w i{leX^Z��ha`]

−x′

1
(t0)x2(t0) > −x′

1
(t1)x2(t1)

Z3]B�ha`n�]|s�gkZ3leXhgt_\bNi{n�Z�golNnv_t]Ub��N]|ZUuv]|s�i{]|a��,�`_o]Jf5nv�J_o]|sPnvX`zJdhbcuvn�goz|s<go_tlea`�Nz|]|s �
•
s�n

x1 > 0
]3g

x2 < 0
sta`_

[ t0 ; t1 ] ��� uple_os x′

1
(t0) > 0

]Jg
x′

1
(t1) < 0 � WYX ]JX i{z�i{a`npg�ea^]

x′

1
(t0)x2(t0) < 0

]3g
x′

1
(t1)x2(t1) > 0

lNX}]JX}i{z|i`a`n�g'z|debNup]|f�]|Xhg��ha`]
ϕ
]|s�g'Z3_olNn�stsobcXhgt] w i{lNX^Z��ha`]

−x′

1
(t0)x2(t0) < −x′

1
(t1)x2(t1)

Z3]B�ha`n#Z3leXhgt_o]|i{npg�up]�s'i{]Ja)�,�`_o]Jf5np�|_t]�sPnpX^zJdebNupnpgtz�s7gt_olNa`�ezJ]|s �
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•
s�n

x1 < 0
]3g

x2 > 0
sta`_

[ t0 ; t1 ] ��� uple_os x′

1
(t0) < 0

]Jg
x′

1
(t1) > 0 � WYX ]JX i{z�i{a`npg�ea^]

x′

1
(t0)x2(t0) < 0

]3g
x′

1
(t1)x2(t1) > 0

lNX}]JX}i{z|i`a`n�g'z|debNup]|f�]|Xhg��ha`]
ϕ
]|s�g'Z3_olNn�stsobcXhgt] w i{lNX^Z��ha`]

−x′

1
(t0)x2(t0) < −x′

1
(t1)x2(t1)

Z3]B�ha`n#Z3leXhgt_o]|i{npg�up]�s'i{]Ja)�,�`_o]Jf5np�|_t]�sPnpX^zJdebNupnpgtz�s7gt_olNa`�ezJ]|s �
•
s�n

x1 < 0
]3g

x2 < 0
sta`_

[ t0 ; t1 ] ��� uple_os x′

1
(t0) < 0

]Jg
x′

1
(t1) > 0 � WYX ]JX i{z�i{a`npg�ea^]

x′

1
(t0)x2(t0) > 0

]3g
x′

1
(t1)x2(t1) < 0

lNX}]JX}i{z|i`a`n�g'z|debNup]|f�]|Xhg��ha`]
ϕ
]|s�g'i{z|ZJ_tlenvsostbNXhgt] w i{leX^Z��ha`]

−x′

1
(t0)x2(t0) > −x′

1
(t1)x2(t1)

Z3]B�ha`n#Z3leXhgt_o]|i{npg�up]�s'i{]Ja)�,�`_o]Jf5np�|_t]�sPnpX^zJdebNupnpgtz�s7gt_olNa`�ezJ]|s �WYX!bc��lNa`gtnpg7i{lNXrZ'i`bcXrs�up]�s��ha^bcgt_o]'ZJbNs��rlhststnp�^up]�s w yBa`X`]kZJlNXhgt_\bNi{n�Z�gonpleX � WYX!]JXqi`z|i{a`npg7�ha`]
x2

X`]B��]Ja`gU�^bes��3go_t]�i{]�stnpdeX`]0ZJlNX^s�gobNXegksta`_
[ t0 ; t1 ] w i{leX^Z x2

bNi{f5]JgYbca9f5lNnvX^ska`X¢�Jz|_tl
sta`_

[ t0 ; t1 ] �
����� � a`�`��lestlNX^s��ha`]

q
]�s�gBy/��bcuv]Ja`_\sUX`zJdhb�gtnv�N]�s � WYX a{gtnvupn�st]�uv]5_tz�s�a^u�g\b�gBi{]5uvb/�ha`]|s�gtnvlNX�`_oz|ZJz|i{]|Xhgt] w b��e]|Z

{

q2 = 0
q1 = q� a^�`�rlhs�leX^sk�ha`]

x1 w s�leupa{gonpleX¢i{]0u�~ z|�ha^b�gonpleX i{np��z|_t]|Xhgtnv]Juvup] w bei{f5]3g�go]�i`]Ja��9�Jz|_tlhs t0
]3g

t1 �� uple_os<golNa{go]|s�uv]|s'stlNuva{gonpleX^s�i{] x′′ = 0
s|~ bNX`X�a`uv]JXhg'bca}f5lNnvX^s�a`X`]�jmlenvsks�a`_

[ t0 ; t1 ] w Z3]B�ha`n�e]Ja{gBi{nv_t]!�ha`]5golNa{go]|s�uv]|s�jmleX^Z�gonpleX^s@b��!X`]�s@sJ~ bcX`X�a`uv]JXhgBsta`_
[ t0 ; t1 ] w Z3]q�ha`n�X#~ ]|s�gB�^bes�up]Z|bNs � WYX=]|X}i`z|i{a`npgk�ha`] x1

X^]�s|~ bcX`X�a`uv]@�ea£~ a`X^]�jmlNn�s�s�a`_
R �

� a`�^�rlhs�leX^s,f!bNnpXhgt]|X^bcXhg}�ea^]
q
]�s�g/f�nvX`le_tz|] sta`_

R �P� �`�^upn��ha`lNX^s/uv] _oz|sta`upgob�g}i{] u�b�ha`]�s�gonpleX=�`_oz|ZJz|i{]|Xhgt]@b��N]�Z
{

q2 = q

q1 = m

� ~ bN�`_o�|sYuvb/�ha`]|s�gtnvlNX �`_tz�Z3z�i{]JXhgt] w ]|Xhgt_o]�i{]|a��¢�Jz|_tlhski�~ a`X`]!stlNuva{gtnvlNX i{] x′′ + mx = 0 w nvu]���n�s�gt]@a`X}�Jz|_tl!i{]
x2 � WY_�up]�s's�leupa`gtnvlNX^s'i`] x′′ + mx = 0

s|~ bNX`X�a`up]|Xhg'a`X`]@nvX{�^X`npgtz0i`]�jmlNn�s
� Z3]@s�leXhg�i`]|sPjmleX^Z�gonpleX^s

cos
]Jg

sin ��w i{leX^Z x
s|~ bNX`X�a`up]�a`X^]UnvX{�^X^n�goz0i{]UjmlNn�s'sta`_

R �
� WYX=]J��]�Z�gta^]@up]BZ\[^bNX`dN]|f5]JXhgPi`]�jmlNX^Z3gtnvlNX/npX^ZJlNX`X�a`]

y = zu w lNx z
]|s�gks�leupa`gtnvlNX}i{]

2t2z′ + tz = 0

WYX}b5bcnvX^s�n
z′ = −

1

2t
z w i{leX^Z

z′′ =
1

2t2
z −

1

2t
z′ =

1

2t2
z +

1

4t2
z =

3

4t2
z

leX=]|X}i`z|i{a`npg

q(t) =

3

4
z −

1

2
z + (t2 − n2)z

t2z
=

1

4
− n2

t2
+ 1
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q
bNi{f5]Jg

1
ZJlNf5f5]9upnvf5n�go]9]JX

+∞ � WYX ]|X i`z|i{a`npg=�ha#~ npuk]��{nvs�gt]
t0
go]Juvup]¢�ha`]

q(t) >
1

2sta`_
[ t0 ; +∞ [ �{� ~ bc�^_t��s�u�b0�ha`]|s�gtnvlNX,�`_tz�Z3z�i{]JXhgt] w uv]|sPstlNuva{gtnvlNXrs�i{] u′′ + qu = 0

bNi`f�]Jg�go]JXhg
i{leX^ZYa`X`]�npX`�^X`npgtz@i{]��Jz|_tlhs7sta`_

[ t0 ; +∞ [ �{� X}_oz|stlNuv��bcXhg7u�~ z��ha^b�gonpleX=i{np��z|_t]|Xhgtnv]Juvup]�i{z3�rX`nvs��sobcXhg
z w leX,go_tlea`�N] z(t) =

z0
√

|t|
��� ]|s<jmleX^Z�gonpleX^s�i{]��<]|sost]Ju Jn w s�leupa{gonpleX^s�i{]

t2y′′ + ty′ + (t2 − n2)y = 0

��]Ja`�e]JXhg'sJ~ z|ZJ_tnv_o]�stlNars7u�b�jmlN_of5]
Jn = zu

lex
u
s|~ bNX`X�a`uv]Ua^X`]@npX`�^X`npgtzBi{]�jmlenvs � WYX}]JX}i{z|i{a^n�gY�ha`] Jn

s|~ bcX`X�a`uv]Ya^X`]@npX`�^X`npgtz0i{]Ujmlenvs �


